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Preface 


Topology and algebra are the two main pillars upon which modern 
mathematics 15 built. The student who has grasped the elementary 
principles of these two subjects discovers a simplicity and coherence 
running through the whole of mathematics. It is the elementary 
principles that are important rather than the technical details, and 
the idea of this book is to start from nothing and gently introduce the 
reader to the elementary principles of topology. 

Topology is the study of continuity, and underlies every subject in 
mathematics and science that uses continuity. In particular topology 
underlies calculus, and logically ought to be taught before calculus. 
Often the schoolboy who cannot understand calculus when he first 
meets it is a better mathematician than the one who swallows it. The 
limiting process of calculus is a sophisticated technical process, in- 
clined to impart a flavour of cheating to the boy who has previously 
been happy with the precision of arithmetic, algebra and geometry. 
This is disastrous because haziness of understanding produces fear of 
mathematics. Such a boy ought to be given this book. If he is mature 
enough to start calculus then he is mature enough to understand 
topology. By grasping the topological principles underlying calculus he 
will recapture that feeling of precision. 

Ten years ago topology was taught, if at all, only in the third year 
at English universities, but today in recognition of the logical place of 
the subject, most universities introduce the elementary principles in 
the first year. This book covers exactly that first year material. In 
ten years’ time it may well be taught in schools. 

Compared with previous introductions to the subject, this book has 
two outstanding features. First, it is written from a geometrical point 
of view: there are plenty of diagrams and the reader is encouraged to 
draw his own, and to think geometrically. This is important because 
today the habit of geometrical thinking influences even the most 
abstract mathematical subjects. Also in higher dimensions, the most 
geometrical subject in mathematics is no longer geometry but algebraic 
topology, which is the sequel to this book. 

Secondly, this book contains all the essential material and no more; 
there is room to relax, and there are sufficient exercises and examples 
to make it an ideal introduction at any level, be it school, university 
or scientific laboratory. 


Preface 


The first chapter consists of the usual discussion of set theory. The 
concept of a diagram consisting of sets and functions has been intro- 
duced at the same time. The concepts of equivalence relation and 
countability have been reserved for mention later, in Chapters IV 
and V respectively, where they make a natural appearance in connec- 
tion with other topics. 

The second chapter is a discussion of metric spaces, where the 
topological terms open set, neighbourhood, ete., have been carefully 
introduced. Particular attention is paid to various distance functions 
which may be defined on Euclidean n-space and which lead to the 
ordinary topology. 

In the third chapter, topological space is introduced as a generali- 
zation of metric space. A great deal of attention has been paid to 
alternative procedures for the creation of a topological space, using 
neighbourhoods, etc., in the hope that this seemingly trivial, but 
subtle, point may be clarified. Since topological space is a generaliza- 
tion of metric space, it is hoped that the reader will observe the 
similarity, or perhaps redundancy, in the presentation of these two 
topics. 

Chapters IV and V are devoted to a discussion of the two most 
important topological properties, connectedness and compactness. As 
applications the reader is introduced to a little algebraic topology. In 
Chapter IV to explain simple connectedness the concepts of homotopy 
and the fundamental group are described, except that the group 
structure is omitted because the reader is not presumed to know any 
group theory. Chapter V is concluded with a discussion of two- 
dimensional closed surfaces. 
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1 Introduction 


As in any other branch of mathematics today, topology con- 
sists of the study of collections of objects that possess a math- 
ematical structure. This remark should not be construed as 
an attempt to define mathematics, especially since the phrase 
“mathematical structure” is itself a vague term. We may, 
however, illustrate this point by two important examples. 

The set of positive integers or natural numbers is a collec- 
tion of objects N on which there is defined a function 5, called 
the successor function, satisfying the conditions: 


τ, For each object 2 in N, there is one and only one object ἡ 
in N such that y = s(2); 

- Given objects x and y in S such that s(x) = s(y), then 
c= YY; 

3. There is one and only one object in N, denoted by 1, 


Ἶ 


ἐς 


f 
F 
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which is not the successor of an object in N, i.e.,.1 γέ s(2) 
for each z in N; 

4. Given a collection T of objects in N such that 1 is in 7 and 
for each 2 in 7’, s(x) is also in T, then T = N. 


The four conditions enumerated above are referred to as 
Peano’s axioms for the natural numbers. The fourth condition 
is called the principle of mathematical induction. One defines 
addition of natural numbers in such a manner that s(a2) = 2 + 1, 
for each x in δ΄, which explains the use of the word “successor” 
for the function s. What is significant at the moment is the 
conception of the natural numbers as constituting a certain 
collection of objects N with an additional mathematical struc- 
ture, namely the function s. 

We shall use the system of real numbers as a second exam- 
ple of the fact that the type of entity that one studies in 
mathematics is a collection of objects with a certain mathe- 
matical structure. This explanation will require several pre- 
liminary definitions. 

A commutative field is a collection of objects F and two 
functions that associate to each pair a, b of objects from F an 
element a + b of F, called their sum, and an element a ν᾽ of F, 
called their product, respectively, satisfying the conditions: 


1. For each a, bin Fra+b=b+ a; 

2. For each a, b,c in F,a + (ὃ - ὦ = (a+b) +e; 

3. There is a unique object in F, denoted by 0, such that 
a+0=0-+a=a for each ain F; 

4. For each a in F, there is a unique object a’ in F be that 
a+a=a'+a=0; 

5. For each a, b in F, a-b = b-a; 

6. For each a, b, ¢ in F, a-(b-e) = (a-b)-e; 

7. There is a unique chip in F, different from 0, denoted 
by 1, such that a-1 = 1-a = a for each a in F: 

8. For each a in F, if a is different from 0, there is a unique 
object αὖ in F such that a-a* = a*-a = 1; 

9. For each a, b, cin F, α΄ (Ὁ +c) = a-b + a-e. 
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A commutative field F is thus a set of objects and an addition 


and multiplication that satisfies rules analogous to the rules of 
addition and multiplication of real numbers. 

A field is called linearly ordered if it has additional struc- 
ture, namely a relation “<” which satisfies the properties of 
“less than” as used in the real number system. Precisely, a 
field F is ealled a linearly ordered field if there is a relation 
‘“<* among certain ordered pairs of objects of F’ satisfying the 
conditions: 

1. For each pair of objects x, y in F, one and only one of the 
three statements,  « ἡ, 2 = y, y < 2, Is true; 

2. For each object z in F, x < y implies x + 2 < y + 2; 

3. For each object z in F such that 0 « 2, x < y implies 
15 y 2. 


Let T be a subcollection of objects from a linearly ordered 
field F. An object ὁ in F is called an wpper bound of T if for 
each x in 7’, either x < bora = b. An object a in F is called 
a least upper bound of T, if a is an upper bound of T and if 
a < b, where b is any other upper bound of 7. 

As a final definition before describing the system of real 
numbers, a linearly ordered field F is called complete if every 
non-empty subcollection 7 of F that has an upper bound also 
has a least upper bound. We can now state that the real 
number system is a collection R of objects together with oper- 
ations of addition and multiplication and a relation “<” such 
that the collection R, together with this structure, is a complete, 
linearly ordered, commutative field. 

‘The use of the definite article, “éhe real number system 
is..., should not be construed as asserting that there is only 
one real number system, but it is implicitly asserted that the 
conditions imposed on the collection & are categorical; that is, 
that any two instances of the real number system are indis- 
linguishable, apart from the names or notation used to denote 
the objects. } 

Thus we see that some of the better-known mathematica! 
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objects of study are describable as collections of objects to- 
gether with certain specified structures. We shall describe a 
topological space in the same terms, although an appreciation 
of the utility of this concept can only come later. A top- 
ological space is a collection of objects (these objects usually 
being referred to as points), and a structure that endows this 
collection of points with some coherence, in the sense that we 
may speak of nearby points or points that in some sense are 
close together. This structure can be prescribed by means of 
a collection of subcollections of points called open sets. As we 
shall see, the major use of the concept of a topological space is 
that it provides us with an exact, yet exceedingly general 
setting for discussions that involve the concept of continuity. 

By now the point should have been made that topology, 
as well as other branches of mathematics, is concerned with 
the study of collections of objects with certain prescribed 
structures. We therefore begin the study of topology by first 
studying collections of objects, or, as we shall call them, sets. 


2 Sets and Subsets 


We shall assume that the terms “object,’’ “set,” and the rela- 
tion “is a member of” are familiar concepts. We shall be 
concerned with using these concepts in a manner that is in 
agreement with the ordinary usage of these terms. 

If an object A belongs to a set S we shall write AEC § 
(read, ‘A in δ᾽). If an object A does not belong to a set αὶ 
we shall write A ZS (read, “A not in Spit ΩΣ... Ay 
are objects, the set consisting of precisely these objects will be 
written 


$s sss Make 


For purposes of logical precision it is often necessary to dis- 
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tinguish the set {A}, consisting of precisely one object A from 
the object A itself. Thus 


ΑΕ {A} 


is a true statement, whereas 
A = {A} 


is a false statement. It is also necessary that there be a set 
that has no members, the so-called null or empty set. The 
symbol for this set is Ὁ (a letter in the Swedish alphabet). 

Let A and B be sets. If for each object x € A, it is true 
that « € B, we say that A is a subset of B. In this event, we 
shall also say that A is contained in B, which we write 


Ας Β, 
or that B contains A, which we write 
B.A. 


In accordance with the definition of subset, a set A is 
always a subset of itself. It is also true that the empty set 
is a subset of A. ‘These two subsets, A and @, of A are called 
improper subsets, whereas any other subset is called a proper 
subset. 

There are certain subsets of the real numbers that are 
frequently considered in calculus. For each pair of real num- 
bers a, b with a < b, the set of all real numbers x such that 
aS αὶ S biscalled the closed interval from a to ὃ and is denoted 
by [a,b]. Similarly, the set of all real numbers x such that 
a< ax « bis called the open interval from a to ὃ and is denoted 
by (a,b). We thus have (a, δ) C [a,b] C R, where R is the 
set of real numbers. 

Two sets are identical if they have precisely the same 
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members. Thus, if A and B are sets, A = B if and only if* 
both AC Band BC A. Frequent use is made of this fact in 
proving the equality of two sets. 

Sets may themselves be objects belonging to other sets. 
For example, {{1, 3, 5, 7}, {2, 4, 6}! is a set to which there be- 
long two objects, these two objects being the set of odd positive 
integers less than 8 and the set of even positive integers less 
than 8. If A is any set, there is available as objects with which 
to constitute a new set the collection of subsets of A. In 
particular, for each set A, there is a set we denote by 24 whose 
members are the subsets of A. Thus, for each set A, we have 


B € 24 if and only if BC A. 


Exercises 


1. Determine whether each of the following statements is true or 
false: 


(a) For each set A, ὁ € A. 

(b) For each set A, @ C A. 

(c) For each set A, A C A. 

(d) For each set A, A € {A}. 

(6) For each set A, A Ε 24, 

(f) For each set A, A C 24, 

(g) For each set A, {A} C 24, 

(8) OE 0). 

(i) For each set A, ΕΞ 24, 

(j) For each set A, @ C 24, 

(k) There are no members of the set {QO}. 

(1) Let A and B be sets. If A C B, then 24 C 22. 
*The compound statement “P if and only if Q,” is the conjunction of the two 


statements “If P then Q" and, “If Q then P.” A statement of the form “P if and 
only if Q” may also be phrased “If P then Q and conversely.” 
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(m) There are two distinct objects that belong to the set 
(0, {01}. 
2. Let A, B, C be sets. Prove that if A C Β and BC C, then 
A ie. 
4. Let A)....,A, be sets. Prove that if A; C As, do C Asz,..-; 
Aa C A, and A, C Ay, then A; = Ap =... = An 
4. Let A be a set to which there belong precisely n distinct objects. 
Prove that there are precisely 2" distinct objects that belong 
, to 24. 


3 Set Operations: Union, Intersection, 
and Complement 


If 2 is an object, A a set, and x € A, we shall say that 2 is an 
element, member, or point of A. Let A and B be sets. The 
intersection of the sets A and B is the set whose members are 
those objects 2 such that 2 Ε A anda € B. The intersection 
of A and B is denoted by 


ANB 


(read, “‘A intersect B”’). The union of the sets A and B is 
the set whose members are those objects x such that x belongs 
to at least one of the two sets A, B; that is, either « € A or 
x © B.* The union of A and B is denoted by 


AUB 


(read, ““A union B’’). 

The operations of set union and set intersection may be 
represented pictorially (by Venn diagrams). In Figure 1, let 
*The logical connective “or is used in mathematics (and also in logic) in the 
inclusive ae Ahi a compound statement “P or Q” is true in each of the three 
cases: (1) P true, Q false; (2) P false, Q true; (3) P true, Q true, whereas “P or Q” 18 
false only if both P and Q are false. 
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the elements of the set A be the points in the region shaded 
by lines running from the lower left-hand part of the page to 
the upper right-hand part of the page, and let the elements 
of the set B be the points in the region shaded by lines sloping 
in the opposite direction. Then the elements of AU B are 
the points in a shaded region and the elements of AA B are 
the points in a cross-hatched region. 


Figure 1 


Let ACS. The complement of A in S is the set of ele- 
ments that belong to S but not to A. The complement of A 
in S is denoted by Cs(A) or by S— A. The set S may be 
fixed throughout a given discussion, in which case the comple- 
ment'of A in S may simply be called the complement of A and 
denoted by C(A). C(A) is again a subset of S and one may 
take its complement. The complement of the complement of 
A is A; that is, C(C(A)) = A. 

There are many formulas relating the set operations of 
intersection, union, and complementation. Frequent use is 
made of the following two formulas. 


Theorem (DeMorgan’s Laws) Let AC S,B CS. Then 
(3.1) C(A U B) = C(A) N C(B), 
(3.2) C(A 1) B) = C(A) U C(B). 
Proof. Suppose x ΕΞ C(A UB). Then xz Ε S and x ΘΟ 411; B. 
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Thus, «x Z A and x ¢ B, or x Ε C(A) and x Ε C(B). Therefore 
τ Ε C(A) (Ὁ C(B) and, consequently, 


σα U B) C C(A) N CCB). 


Conversely, suppose 2 Ε C(A) ἢ C(B). Thenaz € S and z © C(A) 
andz € C(B). Thus, « Οἱ A and zx Οἱ B, and therefore x Οἱ A U B. 
It follows that « Ε ΟἿ U B) and, consequently, 


C(A) Ἢ C(B) C C(A U B). 
We have thus shown that 
| C(A) (\ C(B) = σία U B). 
One may prove Formula 3.2 in much the same manner as 3.1 


was proved. A shorter proof is obtained if we apply 3.1 to the two 
subsets C(A) and C(B) of S, thus 


C(C(A) U C(B)) = C(C(A)) 1) C(C(B)) = 4 8. 
‘Taking complements again, we have 


C(A) U C(B) = C(C(C(A) U C(B))) = ἐμ ἢ 8). 


Exercises 


1. LetA CS,BCS. Prove the following: 


(a) @ = C(S). (ft) AUA=A. 
(b) S = C(@).  (g—) AUS Ξ 5. 
(c) AN C(A) = @. (h) ANS =A. 
(d) AU C(A) = 8. (i) AUD=A. 
(6) ANA=A. Gj) AN ὁ - ὁ. 


(Κ) A C B if and only if AU B = B. 

(1) AC B if and only if AQ B= A. 
(m) A \U B = B if and only if “Ὁ B = A. 
(n) A C C(B) if and only if AM B= @. 
(ο) C(A) C B if and only if AU B = S. 
(p) A C B if and only if C(B) C C(A). 

(q) A C C(B) if and only if B C C(A). 


Ch. 1 Theory of Sets 


2. LetX C ¥ CZ. - Prove the following: 
(a) Cy(X) C Cz(X). 
(b) Z2—-(¥ —~X)=XUCZ— ἢ. 


4 Indexed Families of Sets 


Let I be a set. For each a € J, let A, be a subset of a given 
set δ, We call J an indexing set and the collection of subsets 
of S indexed by the elements of J is called an indexed family 
of subsets of S. We denote this indexed family of subsets of S 
by (A.)aer (read, “A sub-alpha, alpha in J’’). 

The primary purpose for introducing the concept of in- 
dexed family of subsets is to allow for a more general forma- 
tion of unions and intersections of sets. Let (A.)scr be an 
indexed family of subsets of aset S. The union of this indexed 
family, written, 


Ueer Ag, 


(read “union over a in J of A,’’) is the set of all elements 
ΖΕ ΒΝ such that z € Ag for at least one index BCI. The 
intersection of this indexed family, written, 


ΓΊαΕΙ Aas 


(read “intersection over a in J of A,’’) is the set of all elements 
x €S such that x € A, for each 8 EI. [Note that 


Δ Εἰ A, = Uvex A., 


for which reason the two occurrences of “a” in the expression 
U.aer A, are referred to as dummy indices. 7 

As an example, let A;, A, A3, A, be respectively the set of 
freshmen, sophomores, juniors, and seniors in some specified 
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college. Here we have J = {1, 2, 3, 4} as an indexing set and 
Uaer Ae is the set of undergraduates whereas Macr Aa = 9. 

If the indexing set J contains precisely two distinct indices, 
then the union over ἃ in J of A, is the same as the union of 
two sets as defined in the previous section; that is, 


Ueetij; 4a = AiU Aj. 
Similarly, 
Nees; 4e = Ai NM Aj. 


DeMorgan’s laws are applicable to unions and intersec- 
tions of indexed families of subsets of a set S. 


Theorem Let (A.)acr be an indexed family of subsets of a set S. 
Then 

(4.1) C(Uaer Aa) = Maer C(Aa), 

(4.2) C(Maer Aa) = User C(Aa). 

Proof. Suppose x Ε C(User Aa). Then  & User Aa; that is, 
xz Οὗ Ag for each index BEI. Thus x Ε C(As) for each index 
8€ land z€ (\ccer C(Aa). Therefore, 

C(Uaer Aa) C Maer C(Aa). 


Conversely, suppose that x Ε (κεἰ C(Aa). Then zx € C(Ag) fo 
each index 6 GC J. Thus x ¢& Ag for each index 6 € J; that is, 
απ ΘΟ User Aa. Therefore, x © C(\User Aa) and 


Meer C(Aa) C C(Uaer Aa). 


This proves 4.1. The proof of 4.2 is left as an exercise. 


Given any collection of subsets of a set S, the concept of 
indexed family of subsets allows us to define the union or inter- 
section of the aforementioned subsets. We need only con- 
struct some convenient indexing set. In the event that the col- 
lection of subsets is finite, the finite set {1, 2, ..., } of integers 
is a convenient indexing set. Given subsets A), As, ..., A, of 
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S, we shall often write A,;\U AeU.. 


Jacita ... al A and, similarly, Ay () Ao ane 


for Meel12,.... ny he 


Exercises 


12 


Let (Ag)acr, (Ba)acr be two indexed families of subsets of a set S. 


Prove the following: 
(a) For each 8 € I, As C User Aa: 
(Ὁ) For each 6 Ε I, Nacr Aa C As. 
(ce) User (Ae U Ba) = (User Ae) U (User δὼ. 
(d) Meer (Aa) Ba) = (Neer Aa) () (Neer B.). 
(6) If for each 6 © J, Ag C Bg then 
Weer Aa C Ucer Ba, 
Meer Ae C (ocr Ba. 
(f) Let DCS. Then 
Weer (4a 1) D) = (κει Aa) MD, 
Meer (Aa U D) = (Meer Aa) ὦ D. 
Let A, B, DCS. Then 
A()\ (BUD) = (AN B)U(AN D), 
AU(BN ΒΒ =(AUB)N(AUD). 


Let (Aq)acr be an indexed family of subsets of a set S. 


JCI. Prove that 
(a) Mees Aa D [κει Aa. 
(Ὁ) Weer Ae C User Ae. 


. Ay or v A; for 
i=] 


el Yale Or a A; 


Let 


Let (Aa)acr be an indexed family of subsets of a set 5. Let 


BCS. Prove that 
(a) BC (eer Aa if and only if for each 8 Ε I, BC Ag. 
(Ὁ) User Aa C B if and only if for each 8 € J, As C B. 
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g. Let I be the set of real numbers that are greater than 0. For 
each x € I, let A, be the open interval (0, τ). Prove that 
(εἰ Az = @, User Az =I. For each EI, let 8, be the 
closed interval [0,2]. Prove that (ser Bz = {0}, User Bz = 
IU {0}. 


5 Products of Sets 


i 
͵ 


Let « and y be objects. The ordered pair (x, y)* is a sequence 
of two objects, the first object of the sequence being x and the 
second object of the sequence being y. Let A and B be sets. 
The Cartesian product of A and B, written 


A X B, 


(read “A cross B’’) is the set whose elements are all the ordered 
pairs (a, y) such that z € A andy € B. 

The Cartesian product of two sets-is a familiar notion. 
The coordinate plane of analytical geometry is the Cartesian 
product of two lines. The possible outcomes of the throw of 
a pair of dice is the Cartesian product of two sets, each of 
which is comprised of the numbers 1, 2, 3, 4,5, 6. The possible 
seat designations in many theatres is the Cartesian product of 
the alphabet and a finite set of integers. Unless A = B, the 
two Cartesian products A X B and B X A are distinct. 

A generalization of the Cartesian product of two sets is 
the direct product of a sequence of sets. Let Aj, A2,..., Ax be 
a finite sequence of sets, indexed by {1,2,...,}. The direct 
product of A;, Ao,..., An; written 


nm 
Il A; 
im] 
“If x and y are real numbers, the symbol (x, y) is ambiguous, for it may stand 
for either the ordered pair whose first element is z and the second y, or for the open 
interval (x,y). It is hoped that this ambiguity will be resolved by the context in 
which the symbol occurs. 
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(read, “product 7 equals one to n of A,’’) is the set consisting 
of all sequences (αι, @,...,@,) such that αἱ € Aj, a Ε Ao, 
->@,€A,. In particular, 


2 
pe A; - Ay a As. 
For this reason we shall often write 


Aa Χ Α.Χ... ΧΑ. 
for II Α.. 
Y=1 


: The concept of direct product may be extended to an in- 
finite sequence A;, A,...,A,,... of sets, indexed by the pos- 
itive integers. The direct product of 44, Ao,.. . » Bist τῷ WHI 
ten 

II A; 
t=] 


or 
Bs OR lee OE us ote DE i Ro sock 


is the set whose elements are all infinite sequences 
(a, May ++ > Any ss .) such that a; € A; for each positive in- 
teger 1. 

The set of points of Euclidean n-space yields an example 
of a direct product of sets. If for i = 1,2,...,” we have 
A; = R, where R is the set of real numbers, then | 


R* = 0 A; 


is the set of points of a Euclidean n-space. An element x € R* 
15 a sequence 4: = (1), %,...,2,) of realnumbers. In general, 


if the sets A;, Ao,..., A, are all equal to the same set A, we 
write 


and call an element a = (a, a,...,@,) € A" an n-tuple. 
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Exercises 


1. Let X CA, Y CB. Prove that 

O(X Χ Y) = (C(X) Χ γὼ (ἃ Χ ΟΦ) U (C(X) Χ C(Y)). 
_ For each set 4,4 Xx 0=O0XA=Q9. 

4 Let X,X'CA:Y,¥'CB. Prove that if X¥ C X'andYC Τ' 
then X¥ X ¥ C X’X Y’. Show by constructing an example 
that if Y = Y’ = @, then X X Y C X’ X Γ᾽ does not imply 
that αὶ C X’. Prove that if X¥ = @and Y = @then X¥ X Y C 
X’ X Y' does imply that XY C X'and Y C Γ΄. 

4. Prove that if A has precisely πὶ distinct elements and B has pre- 
cisely m distinct elements, where m and n are positive integers, 
then A X B has precisely mn distinct elements. 


Let A and B be sets, both of which have at least two distinct 
members. Prove that there is a subset W C A X B that 1s not 
the Cartesian product of a subset of A with a subset of B. 
(Thus, not every subset of a Cartesian product is the Cartesian 
product of a pair of subsets. | 


cr 


6 Functions 


The most familiar example of a function in mathematics is a 
correspondence that associates with each real number z a real 
number f(z). The basic idea that is to be expressed by the use 
of the term function is the idea of correspondence. For exam- 
ple, the purpose of marking an examination may be described 
as the construction of a marking function that makes corre- 
spond to each student taking the examination some integer 
between zero and one hundred. Integration of a continuous 
function defined on some closed interval [a, ὃ] is another ex- 
ample of a function, namely the correspondence that associates 
with each object f in this given set of objects the real number 


" f(x) dz. 
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The concept of function or correspondence need not be re- 
stricted to the realm of numerical quantities. The corre- 


spondence that associates with each undergraduate in college 
one of the four adjectives freshman, sophomore, junior, or 
senvor is also an example of a function. 


Definition Let A and B be sets. A correspondence that associates 


with each element z € A an element f(z) ΕΞ B is called a function 


from A to B, which we shall write 


f:A—B, 
or 


ae 


Definition Let f:4 — B. The subset ΓῚ C A X B, which consists of 
all ordered pairs of the form (a, f(a)) is called the graph of f:A — B. 


Let A and B be sets. Given a subset Γ of A X B there 
is a function f:4-—B such that Τ' is the graph of 
f:A — B if, for each x € A, there is one and only one element 
of the form (2, y) ET. 


Definition Let f:4— B be given. For each subset X of A, the 
subset of B whose elements are the points f(x) such that « © αὶ 
is denoted by f(X). f(X) is called the image of X. For each sub- 
set Y of B, the subset of A whose elements are the points 2 € A 
such that f(z) € ¥ is denoted by 7). f-(Y) is called the 
inverse image of Y or f inverse of Y. 


Definition Let f:4-—>B be given. A is called the domain of ἢ. 
S(A) is called the range of f. 


Example: Let f:R — R, R the set of real numbers, be the function | 


such that for each x € R, 
f(x) = 2-2-2, 
If X is the closed interval [1,2], then f(X) = [-2,0]. If Z is 
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the open interval (—1,1), then f(Z) = (—9/4, 0) LU {-9/4}. 
ri([—2, 0]) = [1,2] U[—1, 0]. f-({0}) = {2, —1} is the set of 
roots of the polynomial z2 — ὁ — 2. f—([—5, —4]) = @. 


A function f:A — B is also called a mapping or transforma- 
tion of A into B. We may think of such a function as carrying 
each point 2 € A into its corresponding point f(x) ΕΞ B, as 
indicated in Figure 2. Similarly, f: A — B carries each subset 


Ι 


figure 2 


X of A onto the subset f(X) of B, as indicated in Figure 3, and 
ΓΤ" for each subset Y of B is the set of alla € A that are carried 
into points of Κ΄, as indicated in Figure 4. 


Figure 3 
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Figure 4 


Definition A function f:A — B is called one-one if whenever f(a) = 
f(a’) for a, a’ ΕΞ A, then a = α΄. 


Thus, f:A — B is one-one if for each b € f(A) there is 
only one a € A such that f(a) = ὃ. 


Definition A function f:A — B is called onto if B = f(A). 


Certain particular types of functions are frequently con- 
sidered. 


Definition A function f:A — B is called a constant function if there 
is a point ὁ € B such that f(x) = ὃ for each x € A. 


Definition A function f:A — A is called the identity function (on A) 
if f(x) = 2 for each xz Ε A. 


Exercises 


1. Let f:4—B be given. Prove the following: 
(a) For each subset X C A, 
X C f"(f(%)). 
(b) For each subset Y C B, 
Y DAFT). 
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(c) If f:A — B is one-one, then for each subset XY C A, 


ΟῚ = Χ. 
(4) If f:A — B is onto, then for each subset Y C 8, 
{(f-(Y)) = ¥. 


_ Let A = (αν, a2} and B = δι, ba} be two sets, each having pre- 


cisely two distinct elements. Let f:4—B be the constant 
function such that f(a) = ὃν for each a Ε A. 


(a) Prove that 
f(f({a})) # {a}. 
[Thus the formula f—'(f(X)) = X is false. ] 
(b) Prove that 
\ ΚΓ. (ΒΡ) # 8. 
[Thus the formula f(f-'(Y)) = Y is false.] 
(ec) Prove that 
f({a} (Ὁ {a2}) γέ f({a}) A 7({63}}. 
(Thus the formula f(X (ἡ X’) = f(X) O f(X’) is false.] 
Let f:A — B be given and let X and Y be subsets of A. Prove 
the following: 
(a) f(X UY) = f(X) UF). 
(b) Κα NY) CHA) Οὐ. 
(e) If f:A — B is one-one, then f(X 1) Y) = f(X) Nf(P). 


. Given f:X — Y, let A and B be subsets of Y. Prove: 


(a) f(A ὃ B) = f(A) UF"). 
(b) ΓΑ 1 8) = f(A) NFP). 
(c) f*(C(A)) = ὁ}. 


. Let A and B be sets. The correspondence that associates 


with each element (a,b) ΞΕ A XB the element p;(a,b) =a 
is a function called the first projection. The correspondence 
that associates with each element (a,b) ΕΞ A X B the element 
po(a, δ) = b is a function called the second projection. Prove 
that if B ~ @, then ρι:.4 X B— A is onto and if A # @, then 
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po: A X B—B is onto, Under what circumstances is p; or pe» 
one-one? What is p;'({a}) for an element a € A? 

6. Let A and B be sets, with B = Ὁ. For each δ € B the cor- 
respondence that associates with each element a € A the element 


ja) = (a,b) © A X Bisa function. Prove that for each b € By 


jt A — A X Bisone-one. Under what circumstances is j, onto? 
What is ἢ» '(W) for a subset W C A X B? 


7 Composition of Functions 
and Diagrams 


Definition Let f:A4 — B and g:B—C be given. The composition 


of f:A — B and g:B — C is the correspondence that associates with 
each element a € A, the element g(f(a)) € C. This function is 
written 

4:4. -- C, 


or 


AC. 


A function ἡ: -- (Οὐ is, therefore, the composition of 
f:A —.B and g:B — C (often abbreviated by writing h = gf) 
if for each a € A, h(a) = g(f(a)). In a pictorial representa- 
tion of these functions, we have h = gf when these functions 
behave in the manner indicated in Figure 5. 
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The concept of the composition of functions is extended 
to the composition of a finite number of functions. 


Definition Let f;: A; — 4, foi 4o τς Ag, . . 2. ft Ay > Anya be given. 
The composition of fi: Ay ---τ Ao, [ως “τῷ As, - and f,: An -“-ἰἩ Any 15 
the correspondence that associates with each element x ΕΞ A, the 
element f,(. . . fo(fi(a)) . . ) © Anat. This function is written 


Ins» Jafri Ar Ants 
or 
“, Sn. {|| tae 

Let three functions [:.4 — B, g:B — C, and h:C - ἢ 
be given. We may form /gf:A -- D. We may also form 
gf:A — C and compose this function with h:C — D to obtain 
h(gf):A -- D. Similarly, we may form (hg)f:4—-D. We 
thus have three functions hgf, h(gf), (hg)f:A — D. But 


(hof)(a) = h(g(f(x))); 
(h(of)) (a) = A((gf)(x)) = h(g(f(x))); 
((hg)f) (x) = (hg) (f(x)) = h(g(f(a))). 


Thus, these three functions are the same. This observation 
provides a basis for the justification of the removal or replace- 
ment of parentheses in expressions such as (ffs) (ffi), ete. 
Suppose we are given three functions f:A — B,g:B > C, 
and k:A4 — CC. The existence of these three functions may be 
indicated, as in Figure 6, by what we shall call a diagram. 
The letters A, B, C stand for the various sets, and an arrow 
leading from one set to another indicates a function from the 
first set to the second, namely, the function that carries each 


Figure 6 
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element x of the first set into the element #(z) of the second 
set, where ¢ stands for the symbol closest to the middle of the 
arrow. The fact that we may form the composition of two 
functions (such as gf:A — C in the above diagram) is repre- 
sented by a path in the direction of the arrows that goes from 
one set to a second and from the second set to a third. (In 
the above diagram we say, “We may go from A to B via f 
and from B to C via g.’’) 

We shall desire to diagram more complex situations 
than the one indicated in Figure 6. Let us say that by a di- 
agram we shall mean a figure consisting of several symbols 
denoting sets and arrows leading from one symbol to another, 
each arrow leading from a set X to a set Y having an as- 
sociated symbol f, the arrow and its symbol representing a 
given function 4:X — Y. For example, diagram (7.1) in- 
dicates the existence of given functions f:A — B, g:A -- C, 

———— ae J B 


} ᾿ (7.1) 
ay D 


k:B— ἢ, τ΄ — D. This diagram shows us that by com- 
posing functions we may obtain two functions from A to D, 
namely, kf, hg:A -- D. In any diagram, a path from X to 
Y consisting of a sequence of arrows leading from X to Y 
indicates the existence of a function from X to Y obtained by 
composing the functions represented by these arrows in the 
order of their occurrence, starting at X and terminating at Y. 

In diagram (7.1) it may or may not be true that kf = hg. 
In the event that kf = hg we will say that diagram (7.1) is 
commutative. In general, a diagram is said to be commutative 
if for each X and Y in the diagram that represent sets, and for 
any two paths in the diagram beginning at X and ending at Y, 
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the two functions from X to Y so represented are equal. For 
example, the statement that diagram (7.2) is commutative 
means that f = jh, k = gj, and kh = gjh = gf, (note that the 
first two equalities imply the third). 


Ὁ 


(7.2) 


f g 


ems ame Ii aS Some perme 2 Ὁ 


A given set A may occur more than once in a diagram. 
For example, let A be the set of positive real numbers and R 
the set of real numbers. Let f:4 — R be defined by the cor- 
respondence f(a) = log, a, αὶ € A, and let g:R — A be defined 
by the correspondence g(a) = @?,x€ R. Τρ: — A be the 
identity function. Then the diagram (7.3) is commutative, 
for (gf (2) = 6|5κ.5 = x = i(x) for2z € A. 


be if (7.3) 
R. 


Exercises 


I. Using the functions defined by the correspondences g(x) = 2? 
and h(x) = Vx, x = 0, construct an example of a commutative 
diagram similar to diagram (7.3). 

2. Let f:R X -- R be the function defined by the correspondence 


F(a, y) = 2? + wand let g:R Χ R—- R be the function defined by 
the correspondence g(r, y) = x+y. Let h:R — R be the fune- 
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tion defined by the correspondence h(x) = 2*. Is the diagram 


RXR 


commutative? 


Let S be a non-empty set. Let f:25 Χ 25 — 2% be the function 
defined by the correspondence f(A, B) = A \U B for A, BCS. 
Let g:25 X 25 — 2% be the function defined by the correspond- 
ence g(A, B) = A()B for A, BCS. Let h:25-—+2% be the 
function defined by the correspondence h(A) = C(A) for A C S. 
Is the diagram 


Qs Qs 


commutative? 


Let k:25 K 25 — 25 & 2° be the function defined by the cor- 
respondence k(A, B) = (C(A), C(B)) for A, B CS. Is the di- 


commutative? 
Let f:R—R be the function defined by the correspondence 


f(x) = 2° and let g:R — R be the function defined by the cor- 


respondence g(z) = z+ 1. Is the diagram 


“2 


Composition of Functions and Diagrams Sec. ἢ 


R 


i 
eee ee 


commutative? 
Let 1:4 — A be the identity function. Let the diagram 


ἢ 
i 


be commutative. Prove that g:B — A is onto and that f:A --ὁ B 
is one-one. 


Let f:A — B be one-one and let i:A — A be the identity fune- 
tion. Define a function g:B — A such that the diagram 


pt: ASAE A 
7 
Ἧς A 
B 
is commutative. 


Let g: B — A be onto and Jet i:A — A be the identity function. 
Define a function f:A — B such that the diagram 


is commutative. 
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8. Let f:A—>B, g:B—C. Prove that for ZC C, (gf)-(Z) = 
Γι 2}. 


8 Inverse Functions 


Definition Let f:A4-— B and g:B—A _ be given. The function 
f:A — B is called the inverse of g: B — A and the function g:B -- A 
is called the inrerse of f:A — B if 


g(f(a)) =a 
for each a € A and 
F(g(6)) = ὃ 
for each b € B, 
In this event we shall also say that f:4 — B and g:B > A are 
inverse functions and that each of them is invertible. 


Let %4:A — A and 7g:B — B be identity functions. The 
statement that f:A — B and g:B — A are inverse functions is 
equivalent to the statement that the two diagrams 


i ὶ 
f g g ae 
A 


are commutative. 


Theorem Let [:.4 — B and g:B — A be inverse functions, then both 
functions are one-one and onto. 

Proof. Suppose f(x) = f(y), 7 yGA. Then zx = g(f(x)) = 
g(f(y)) = y and therefore f is one-one. Τὸ show that f is onto, let 
bE B. We have g(b) ΕΞ A and f(g(b)) = 6, therefore if we set 
a = g(b), 6 = f(a) andf is onto. The roles of the two functions may 
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be interchanged, since the definition of inverse functions imposes 
conditions symmetrical with regard to the two functions. There- 
fore, g:B — A is also one-one and onto. 


We have shown that, given a function 4:X — Y, a neces- 
sary condition that this function be invertible is that the 
function be one-one and onto. This condition is also sufficient. 


Theorem Let f:A— B be one-one and onto. Then there exists a 
function g:B — A such that these two functions are inverse functions. 


Proof. We shall first define g:B— A. Given δὶ B, we may 
write ὃ = f(a),for some a € A since f is onto. Furthermore, f is 
one-one; hence there is only one element a € A such that f(a) = b. 
We define g(b) = a. The correspondence that associates with each 
b © Bthe element g(b) € A, as defined above, is a function g: B > A. 
Sig(b)) = 6 for each 6 Ε B by the definition of g:B - A. Given 
a Ε A, let a’ = g(f(a)). Then f(a’) = f(g(f(a))) = f(a) by the re- 
mark just made. Since f:A—B is one-one, a = a’ = g(f(a)). 
Thus, f:A — B and g:B— A are inverse functions. 


The last two theorems may be combined in the statement: 
given f:A — B, a necessary and sufficient condition that there 
be a function g:B — A such that these two functions are in- 
verse functions is that f:A — B be one-one and onto. Further- 
more, in this event, the function g:B — A is uniquely deter- 
mined, 


Theorem Let f:4 — B, g:B-—A_ be inverse functions and let 
J: A— B and g':B— A be inverse functions. Then g:B — A and 
9’: B — A are equal. 


Proof. We must prove that g(b) = ψ' (δ) for each bE B. But 
Ὁ = f(g(b)) and therefore g’(b) = g'(f(g(b))) = g(b), since g’(f(a)) = a 
for each a Ε A. 


27 


Ch.1 Theory of Sets 


The proof of this last theorem may also be viewed as a 
direct consequence of the commutativity of the diagram 


which yields g’(b) = g’(ta(b)) = g’(fg(6))) = ta(g()) = gd). 


Exercises 


1. Let A be the set of positive real numbers. For each a € A, 
let f,:R— A be the function defined by the correspondence 
falw) = at, Ε R, and let g,:A — καὶ be the function defined by 
the correspondence g,(z) = log, 2,2 Ε A. Prove that for each 
a © A, f,:R— A and g,:A — R are inverse functions. 


2. Let f:[—1, 1} - R be the function defined by the correspondence 


f(x) = aresin xz, x Ε [—1, 1] and let g:R — [—1, 1] be the func- 
tion defined by the correspondence g(x) = sina, x GR. Prove 
that these two functions are not inverse functions. 


3. Let f:[—1, 1] — [—2/2, 2/2) be the function defined by the corre- 


spondence f(x) = aresin 2, x € [—1, 1] and let g:[—7/2, 7/2) - 
(—1, 1] be the function defined by the correspondence g(x) = 
sin a, x © [—2/2, 7/2]. Prove that these two functions are in- 
verse functions. 


4. Let A be the set of all functions f:[a, δ) — R that are continuous 


on [a,b]. Let B be the subset of A consisting of all functions 

possessing a continuous derivative on [a,b]. Let C be the subset 

of B consisting of all functions whose value at a is 0. Let 

d:B -- A be the correspondence that associates with each func- 

tion in B its derivative. Is the function d:.B — A invertible? 
To each f € A, let h(f) be the function defined by 


(h(f))(x) = f° FO αι, 


Restriction and Extension of Functions Sec. 9 
for a €[a,b). Verify that A:A4—-C. Find the function 


g:C — A such that these two functions are inverse functions. 


9 Restriction and Extension 
of Functions 


Definition let AC X. Let f:d - Y and F:¥— FY. If for each 
x Ε A, f(x) = F(x), we say that F is an extension of f to X or that 


f is a restriction of F to A. In this event we shall write 


f= FA. 


Examples Let A be the open interval (0, 7/2). For each @ € A, let 
As be a right triangle one of whose acute angles is @ radians, and let 


J(8) be the ratio of the length of the side of this triangle opposite the 


angle of magnitude @ to the length of the hypotenuse of As, (more 
familiarly, 
f(0) = opposite ) 
hypotenuse 

Thus f:.1— R. For each 6 € R, let (a, δ). be the point of the plane 
ἢ whose distance from the origin is 1 and such that the rotation 
about the origin of the line segment whose end points are the origin 
and (1,0) to the position of the line segment whose end points are 
the origin and (a, 6)g represents an angle of magnitude @ radians. 
Define F(6) = b. Then F:R—R. F is an extension of f to R as 
is easily seen if one recognizes f:A — R as the sine function defined 
for acute angles by means of right triangles and /’: R — R as the sine 
function defined for angles of arbitrary magnitude by means of the 
unit circle. 

As a second, less familiar example, let A be the set of positive 
integers and X the set of real numbers greater than —1. Define 
J: A — R by the correspondence 


f(n) = n!,n EA. 


Define F: X¥ > R by the correspondence 


F(x) = ! “με αἱ, x Ε Χ. 


29 


ea SR alee 


oe μος “-- 
a ....- «ας Ὁ,» ae 7 
-:-ς | - ag 
- ᾿ = 
® ᾿ “- - 
5 αὐδῶ is a 


Ch. 1 Theory of Sets 


(F(x) is related to the Gamma function; in fact, F(x) = T(x + 1). 
F(1) = te (6-ἰ 4} = 1 = f(1). 


Integration by parts shows that for x > 0, F(x) = xF(x — 1) and 
provides the basis for an inductive argument that establishes the 
formula F(n) = n! = f(n) forn € A. Therefore, F is an extension 
of f to X. 


Definition Let 4 C X. The function i: A -- X, which is defined by — 


the correspondence i(x) = x for each x € A is called an inclusion 
mapping or function. 


Let AC X, f:A —- Y and F:X — Y. Then F is an ex- 
tension of f if and only if the diagram 


is commutative, where i: A — X is an inclusion mapping. 
Given F:X — Y, there are as many restrictions of 
F':X — ¥ as there are subsets of X¥. Given a subset A CX, 
we may obtain the restriction of F to A by forming the compo- 
sition of the inclusion mapping i:A > X and F:X => Y. 
Thus, we may write 
ΓΙΑ = Fi. 


Exercises 


1. Let ACBCX. Leti:A > Band j:B- X be inclusion map- 
pings. Prove that ji: A — X is an inclusion mapping. 


3. Le ACBCX. let f:4—-Y, giBoFY, and F: XY. 


Prove that if g is an extension of f to B and F is an extension 
of g to X, then F is an extension of f to XY. 
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Let m, n be positive integers. Let X be a set with m distinct ele- 
ments and Y a set with n distinct elements. How many distinct 
functions are there from X to Y? Let A be a subset of XY with 
r distinct elements, 0 S r < m and f:A— Y. How many dis- 
tinct extensions of f to X are there? 

Describe an exponential function in terms of extensions of a func- 
tion f:.A — R, where A is the set of positive integers. 
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1 Introduction 


A metric space is a set of points and a prescribed quantitative 
measure of the degree of closeness of pairs of points in this 
space. The real number system and the coordinate plane of 
analytical geometry are familiar examples of metric spaces. 
Starting from the vague characterization of a continuous func- 
tion as one that transforms nearby points into points that are 
themselves nearby, we can, in a metric space, formulate a 
precise definition of continuity. Although this definition may 
be stated in the so-called “es, δ᾽ terminology, there are other, 
equivalent formulations available in a metric space. These 
include characterizations of continuity in terms of the behavior 
of a function with respect to certain subsets called neighbor- 
hoods of a point, or with respect to certain subsets called open 
sets. 


Metric Spaces Sec. 2 
2 Metric Spaces 


Given two real numbers a and ὃ, there is determined a non- 
negative real number, |a — δ᾽, called the distance between a 
and ὃ. Since to each ordered pair (a, δ) of real numbers there 
is associated the real number |a — δ᾿, we may write this cor- 
respondence in functional notation by setting 


d(a, b) = [ἰα — ὃ]. 


Thus we have a function d:R X R—> R, where R is the set of 
real numbers. This function has four important properties, 
which the reader should verify: 


1. d(x, y) 2 0; 

2. d(x, y) = 0 if and only if « = y; 
3. d(x, y) = dy, 2); 

4. d(a, Ξ) S d(x, y) + d(y, 2); 


for 2, y, 2€ R. For the purposes of discussing “‘continuity”’ 
of functions, these four properties of “distance” are sufficient. 
This fact suggests the possibility of examining “continuity” in 
a more general setting; namely, in terms of any set of points 
for which there is defined a “distance function”’ such as the 
function d:R Χ R— R above. 


Definition 2.1 A pair of objects (X, d) consisting of a non-empty set X 
and a function d:X Χ X — R, where R is the set of real numbers, 
is called a metric space provided that: 

l.d@y 20, zy X; 

2. d(x, y) = Oif and only ife=y, x,y EX; 

3. d(z,y) = d(y,z), 2, yEX; 

4. d(x, 3) — d(x, y) + d(y, 5), τ, Ys a = xX. 

The function d is called a distance function on X and the set X is 
called the underlying set. 


[A more precise notation for a metric space would be 


(X,d:X * X — R) and fora distance function d:X Χ X — R. 
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We shall, however, frequently delete the sets and arrow in the 
symbol for a function, when, in a given context, it is clear 
which sets are involved. } 

We may think of the distance function d as providing a 
quantitative measure of the degree of closeness of two points. 
In particular, the inequality d(x, z) S d(x, y) + d(y, z) may be 
thought of as asserting the transitivity of closeness; that is, if 
x is close to y and y is close to.z, then 2 is close to z. 

The verification of the four enumerated properties of 
the function defined by the correspondence 


d(a, b) = la — δι, 


for a, b € R, R the set of real numbers, therefore proves: 


Theorem 2.2 (ἢ, d) is a metric space, where d is the function defined 
by the correspondence 

d(a,b) = [α — dj, 
for a,b € R. 


Given a finite collection (X,, d:), (Xo, d2),. .., (Xns dn) of 
metric spaces, there is a standard procedure for converting 
the set 


X=; 


im] 


into a metric space; that is, for defining a distance function 
on X. 


Theorem 2.3 Let metric spaces (X1,d:), (Xo, do),..., (Xn, dn) be 
given and set 


vo Th x, 


i=l 


Hy each pair of points x = (2, t2,...,2n)sY = (Yrs Yor» «+s Ya) E a 
eL 


d:X X X—-R 
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be the function defined by the correspondence 
d(x, y) = maximum {di(xi, yi}. 
1 sign 


Then (X, d) is a metric space. 

Proof. With x and y as above, d,(x;,y;) 2 0 for 1S isn, 
and therefore d(z,y) 20. If d(x, y) = 0, then d,(x;, y;) = 0 for 
| Si Sn and therefore 2; = y; for each 7. Consequently, x = y. 
Conversely, if « = y, then d;(a;, y;) = 0 for each 7, and d(x, y) = 0. 
Since d,(z;, yi) = ἀν σῷ for 1 S i S n, d(x, y) = d(y, xz). Finally, 
let z(= (2, 22,...+,2n) GX. Let j and k be integers such that 
d(x, y) = dj(x;, yj) and d(y,z) = d.(yx,z). Thus, for 1 Sign, 
εἰ, (πὶ; Ya) -- d;(x,, Y;) and εἰ (μι, Zi) Ξ dy (Yrs Zn), and 
dj(aj, zi) S diay, yi) + dilyi, 2:1) S dj(xj, νὴ + de(Yus 2) 

. = d(a,y) + d(y, 2). 
Therefore d(x, z) = τηρχίκηστω (ἀ{ ας, z;)} S d(x, y) + α(ψ, z). 


As an immediate application of this theorem, we have: 


Corollary 2.4 (/i", d) is a metric space, where d:R" X R" — R is the 
function defined by the correspondence 
d((x, Yi . 0 0. veh (γι, Yo, a | Yn)) 


= στ τα {lai — yal}, (στν De, - ~~ +n)» (Yrs Yor +> Yn) Ε Re. 


It is interesting to compare the metric space (R*, d) that 
we obtain in the above manner with what might be considered 
a more natural model of the coordinate plane. In (R?,d) as 
defined above, the distance from the point (1, 2) to the point 
(3, 1) is 2, since maximum [1 — 3!, [2 — 1|} = 2. The dis- 
tance function d’ used in analytical geometry would yield 


d'((1, 2), (8, 1)) = Νὰ -- 8)? + (2 — 1)? = V5. 
If, for each pair of points (2), 22), (yi, y2) € R® we define 
d'((a, 22), (Yis Y2)) = ναι — 4)? + (ὦ; — yo)”, 
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then we are constructing a new metrie space (R®, d’), (pro- 
vided, of course, that d’ is a distance function), which must 
be distinguished from the metrie space (R2, d) where 


d((a1, 2), (Yi, Y2)) = maximum 112) a yr! ΕΣ - ψῳ}}. 


For example, in (R2,d) the set MV of points a such that 
d(x, a) £1 for a fixed point a Ε R? is a square of width 2 
whose center 15 at a and -whose sides are parallel to the co- 
ordinate axes, whereas in (R®, d') the set of points x such that 
a (2; a) < 1 for a fixed point a € R? is a circular dise whose 
center is @ and whose radius is 1 (see Figure 7). 


Metrie Spaces Sec. 2 


The fact that we have metric spaces (R", d) and (R", d’), 
with d and d' defined as above, serves to emphasize the fact 
that a metric space consists of two objects, a set and a distance 
function. Two metric spaces may be distinct even though the 
underlying sets of points of the two spaces are the same, 
Given a metric space (X,d), there are some trivial ways of 
constructing new metric spaces that have the same underlying 
set of points. 


Theorem 2.6 Let (X,d) be a metric space. Let k be a positive 
real number. Then (X,d,) is a metric space, where the function 
d;, is defined by the correspondence 


d,(x, y) = k-d(x, y); 
for z,y € X. 


The proof of this theorem is a straightforward verification 
of the fact that ἄρ has the four properties of a distance func- 


ἱ 
tion. The details are left to the reader as an exercise. 
] | 
i d(x, a)<1 
| Exercises 
Figure 7 
1. Prove that (R,d’’) is a metric space, where the function d” is 
defined by the correspondence 
: 
The formula used to define the function d’ may be gen- a ἘΠῚ | 
eralized to yield a distance function for R*. fe se 2 δι τ ψὴ) | 
for Ζ = (21,22. «+> 5), Y= (Yrs Yrs +s Ya) ER. In (5,4) 
Theorem 2.5 (R", d’) is a metric space, where d’ is the function de- determine the shape and position of the set of points x such that 
ἧ fined by the correspondence d(x, a) S 1 fora point a € ἢ, 
| es 2. Let d and d’ be the distance functions defined on A” in this 
᾿ Urey) = αἱ σΣ (ὦ; -- yd? section and let d’’ be the distance function defined in Problem 1 
| Vii (ehae 7 
᾿ ; ( above. Prove that for each pair of points 7, y © R", 
OF T = (fy, Te, .. +5 ἄπ), = Ἕ π = 
᾿ i δ Fy = ) )»} Gh, Yass +s Yn) ER. ie We a Ee ἢ, 
Ϊ Lhe proof of this theorem will be found at the end of this chapter. d(x, y) S d"(x, y) S n-d(z, y). 
| 
Hil 
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3. Let X be the set of all continuous functions f:[a,b] > R. For — 


fg © X, define 
af.9) = [ΤῸ -- gO dt. 
Prove that (Α΄, d) is a metric space. 

4. Let SC R. A function f:S > R is called bounded if there is a 
real number K such that |f(x)| S Καὶ, x Ε S (or equivalently, 
f(S) C [—K, K]). Let X’ be the set of all bounded functions 
f:[a,b)-— R. For f, Ε ΧΑ define 

d'(f,g) = l.u.b. Urejan (f(z) — σ(}}}, 
(l.u.b. is an abbreviation of least upper bound). Prove that 
(Α΄, d’) is a metric space. 


Let f,g: [a,b] -- R be two functions that are both continuous 
and bounded. Compare d(f,g) and d’(f,g), where d and d’ are 
defined as in Problems 3 and 4 respectively. 


6. Let (X,d) be a metric space. For 2, y Ε X define the function 
εἶμ by 


δι 


Se Ce) 
do(e,9) = τε ἄς 


Prove that (X, ἀμ) is a metric space and that 0 S dp(z, y) < 1 


for x, ΜῈ X. [See Hall and Spencer, Elementary Topology 
pp. 88, 89.] 


7. Let X bea set. For x, y € X define the function d by 
d(z, x) = 0, 
and 
d(z, 4) = 1, 
if2 yy. Prove that (X,d) is a metric space. 


8. Let Z be the set of integers. Let p be a positive prime integer. 
Given distinct integers m, n there is a unique integer ἐ = t(m, n) 
such that 


m—n = p'-k, 


where & is an integer not divisible by p. Define a function 
d:Z xX Z—R by the correspondence 


d(m,m) = 0 


ὧδ 
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and 
1 

d = 

(m,n) - 


from m τέ η. Prove that (Z,d) is a metric space. [Hint: for 
a, b,c € Z, t(a, ec) = minimum {i(a, b), t(b, c)}j. Let p = 9. 
What is the set of elements x € Z such that d(0,x) « 132 What 
is the set of elements x € Z such that d(0, x) < 4? 


3 Continuity 


In calculus, the first occurrence of the word “continuity” is 
with reference to a function f:R - R, R the set of real num- 
bers. Τὸ decide which condition or conditions this function 
must satisfy for us to say, “the function f is continuous at a 
point a € R,” we try to decide upon a precise formulation of 
the statement “ἃ number f(x) will be close to the number f(a) 
whenever the number 2 is close to a.” Having defined a dis- 
tance function for the real numbers R, we have a quantitative 
measure of the degree of closeness of two numbers. But how 
close must f(x) be to f(a)? Instead of specifying some partic- 
ular degree of closeness of f(x) to f(a), let us think, rather, of 
requiring that no matter what choice is made for the degree 
of closeness of f(x) to f(a), it can be so arranged that this 
degree of closeness is achieved. By the phrase “arrange mat- 
ters” we mean that we can find a corresponding degree of 
closeness so that whenever 2 is within this corresponding 
degree of closeness to a, then f(a) is within the prescribed degree 
of closeness to f(a). We have now arrived at the following 
formulation, “the function f:R — R is continuous at the num- 
ber a € R, if given a prescribed degree of closeness, f(x) will 
be within this prescribed degree of closeness to f(q), whenever 
« is within some corresponding degree of closeness to α. To 
put this statement in its final form, we shall substitute for “a 
Prescribed degree of closeness” the symbol “ες, and for the 
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ce Β - : i 
phrase “‘some corresponding degree of closeness” the symbol 
te a5 μὰ = 2 
6,’ and use the distance function to measure the degree of 
closeness. 


Definition 3.1 Let f:R—R. The function f is said to be continuous 
at the point a € R, if given ¢ > 0, there is a 6 > 0. such that 
7) — f(a)| « ε, 
whenever 
5 -α al < ὃ. 
The function f is said to be continuous if it is continuous at each 
point of R. 


| Because we initially formulated the definition of con- 
tinuity in terms of the phrase “degree of closeness,” wé may 
easily devise a definition of “continuity” applicable to metric 
spaces in general, since we need only use the distance ἢ unctions 
of these metric spaces to measure “degree of closeness.” 


Definition 3.2 Let (X, d) and (Y, d’) be metric spaces, and let a © YX, 
A function f:X — Υ is said to be continuous at the point aC X if 
givene > 0, there isa dé > 0, such that 


d'(f(x), f(a)) <e 


d(a,a) « 6. 


The function f:X — ΚΥ is said to be continuous if it is continuous at 
each point of LY. 


whenever x ΕΞ Y and 


Definitions, such as those given above, are created to 
serve two purposes. First of all, they are abbreviations. 
Thus, the statement that begins, “given = > 0, there is. . . ‘sa 
is replaced by the shorter statement, “f:X — Y is continuous 
at the point aC X.” Second, these definitions are attempts 
to formulate precise characterizations of what we feel are 
significant properties; in this case, the property of being con- 
Unuous at a point. We have tried to indicate in the discus- 
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sion preceding these definitions that they do provide a precise 
characterization of our intuitive, and perhaps vague, concept 
of continuity. There are, in a certain sense, tests that we 
may apply to see whether or not they do so. As an illustra- 
tion, there are certain functions that we “know” are “con- 
tinuous,” that is, we are sure that they possess this property 
we are, trying to characterize. If it should turn out that a 
function we “know” to be “continuous” is not continuous in 
accordance with these definitions, then, although these defi- 
nitions may be precise, they would not furnish a precise 
characterization of the property we have in mind when we 
say a function is “contiuous.” This type of testing of a 
definition thus takes the form of proving theorems to the 
effect that certain functions are continuous. For example: 


Theorem 3.3 Let (.Y,d) and (Κ΄, d') be metric spaces. Let [τ - Y 
be a constant function, then f is continuous. 

Proof. Let a point a © X and <> 0 be given. Choose any 
6 > 0,say 6 = 1. Then whenever d(z, a) < δ, we have d’(f(x), f(a)) 
= 0 «᾿ς. 


Theorem 3.4 Let (X,d) be a metric space. Then the identity func- 
tion 2:4 — X is continuous. 

Proof. Suppose a€ X. Let ε 0 be given. Choose ὃ = ε, 
then whenever d(a, a) < ὃ we have d(i(x), i(a)) = d(x, a) < ε. 


Note that in the above proof we could have equally well 
chosen ὃ to be any positive number, provided only that ὃ S ε 
and the proof would still be valid. The choice of 6 need not 
be a very efficient choice; all that is required is that it “do the 
job.” Later theorems will also confirm the fact that our 
definition of continuity is a “correct” one. 

There is one situation we shall have to consider for which 
the notation f:X — Y that we have adopted for a function 
from a metric space (X,d) into a metric space (Y, d’) is am- 
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biguous. Consider metric spaces (X,d) and (X,d’) with the 
same underlying set. If we simply write f:X > X for a 
function, it is impossible to tell which metric space is denoted 
by the first occurrence of X and which by the second. For 
this reason, when considering one set X with two different 
distance functions, we shall write 


f:(X, d) — (X, 4) 


if we intend to think of f:X — X as a function from the metric 
space (X, d) into the metrie space (X,d’). As an illustration, 
we shall prove: 


Theorem 3.5 Let i: ἢν" — R* be the identity function. Then 
i:(R*, d) — (R*, ἃ") 
and 
1: (ἢν, d’) — (R, d) 
ure continuous, where the distance functions d and d’ are as defined 
in Section 2. 


Proof. Let a = (αι, a2,...,a,) Ε R®. We shall first prove 
that 7: (ΠΝ, d) — (πὶ d’) is continuous. Lete > Obe given. Choose 


ὃ τα o/Vn. Suppose ἃ: = (x, %,...,2,) is such that d(x, a) < δ: 
that is, maximum {la; — xi} <6. Then 
ton 


d'(x,a) = ΝΣ (a; -- 2)? < νίπδ' = V2, 


Therefore, given ¢ > 0, there is a 6 > 0 such that d'(i(x), i(a)) <e 
whenever d(x, a) < 6. 

We now prove that 7:(R", d') — (R*,d) is continuous. Let 
¢ > Obe given. Choose ὃ = ¢. Suppose that x = (σι. 2g, ...,2n) is 
such that d'(z,a) <6. Then 


Σ (a; -- Ζῇ)" « δ' 
and therefore for each 7, (a; — x,;)? « 8, or la; -- τ <6 =a. Con- 


sequently, d(a,a) « ε. Thus, given < > 0, there is a 6 > 0, such 
that d(¢(x), i(a)) < ¢ whenever d’(x, a) < ὃ. 
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One of the most important elementary theorems about 
continuous functions is the statement that the composition of 
two continuous functions is again a continuous function. 


Theorem 3.6 Let (X,d), (Y,d'), (Ζ, 4") be metric spaces. Let 
f:X — Y be continuous at the point a Ε X¥ and let g:¥ - Ὁ 5 be 
continuous at the point f(a) ΕΞ Y. Then gf:X — Z is continuous 
at the point a Ε X. 

Proof. Let ¢ > 0 be given. We must find a 6 > 0 such that 
whenever a © X and d(x, a) < ὃ, then d’'(g(f(x)), g(f(@)) « ε. Since 
q is continuous at f(a), there is an 7 > 0, such that whenever y © ἢ 
and d’(y, f(a)) « η, then d’’(g(y), g(f(a))) « ε. Using the fact that 
f is continuous at a, we know that given 7 > 0, there is a é > 0, such 
that « Ε X and d(z, a) < ὃ imply that d’(f(x), f(@)) < 7 and hence 

d’'(g(f(x)), g(f(a))) « «. 


Corollary 3.7 Let (X,d), (¥Y,d’), (Z,d’’) be metric spaces. Let 
f:X — ¥ and g: Y — Z be continuous. Then gf:X — Z is continu- 
ous. 


Exercises 


1. Let X be the set of continuous functions f:[a,b] > R. Let d* 
be the distance function on X defined by 
a*(f,9) = [/ f@ — σῷ] αι, 
for f,g Ἑ X. For each f € X, set 
If) = [ΜΚ dt. 


Prove that the function /: (XY, d*) — (R, d) is continuous. 

2. Let (X;,d,)), i = 1,...,m be metric spaces. Let fi: X; = X 41, 
i= 1,...,n — lbecontinuous functions. Prove that the func- 
tion fy... . fi: X%; — Α΄, 15 continuous. 

3. Let (X,,d), ΟΣ τὰν Le ,n be metric spaces. Let 
f2X;—7Y,i=1,...,2be peer nk functions. Let 
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A= II X; and Y= Il Y; 
i=] ἔπε] 
and convert X and Y into metric spaces in the standard manner, 
Define the function F: ¥ — Y by 


F(a, Uy + 2 wy ae — (filay), fo(22), ‘oe . Pie MT 
Prove that F is continuous. 
4. Define the function f: R? — R by 
f(x, Ye) = σι + 15. 
Prove that f is continuous, where the distance function on R? is 
either d or ὦ’. 
5. Define the function f: R? > R by 
f(%1, 12) = 2422. 


Prove that f is continuous, where the distance function on R? is 
either ὦ or α΄. 


6. Let (X,d) be a metric space and k > 0. Define the distance 


function d, by setting d(x, y) = k-d(x, y) for x, y GC X. Prove 
that 
a:(X, d) — (X, d;) 
and 
i: (X, dz) — (X, d) 
are continuous, where 7: ¥ — X is the identity function. 
7. Let A and B be subsets of R. A function f:A — B is called 
monotone increasing if x,y € A and zx < y imply f(x) < f(y). 
(a) Let f: 4 — B be monotone increasing. Prove that f:.1 > B 
is one-one, 


(b) Let Ff: (a, δ] — [ f(a), f(b)| be monotone increasing and con- 
tinuous. Prove that this function is invertible. 
4 Open Spheres and Neighborhoods 


In the definition of continuity of a function f at a point a ina 
metric space (Δ΄, αὐ, we are concerned with how f transforms 
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those points a © X such that d(z, a) < 6. If we give a name 
to this particular collection of points in X we shall be able to 
cast the definition of continuity in a more terse form. 


Definition 4.1 Let (Y,d) be a metric space. Let a G X and 6 > 0 
be given. The subset of Y consisting of those points x ἘΞ X such 
that d(a,a) < 6 is called the open sphere about a of radius 6 and 15 


denoted by 
S(a; 6). 


Thus, x € δία; δ) if and only if a € X and d(a, a) < 6. 
Similarly, if (1’,d’) is another metric space and /:X — Y, 
we have y € S(f(a);¢) if and only ify Ε Y and d’(y, f(a)) < ¢. 


Thus: 


Theorem 4.2 A function [: (Δ΄, d) — (Y,d’) is continuous at a point 
a € X if and only if givens > 0 there isa é > ὃ such that 


f(S(a; δ) C S(F(@); ε). 


For a function f:X — Y we have f(A) C B if and only if 
AC f“(B), where A and B are subsets of X and Y respec- 
tively. Therefore: 


Theorem 4.3 A function f:(X,d) — (Y,d’) is continuous at a point 
a © X if and only if given ε > 0 there is a 6 > 0 such that 


S(a; 6) C f-'(S((@); ε)}. 


Given a point a in a metric space (X,d), the subset 
S(a: 6) of X, for each 6 > 0, is an example of the type of subset 
of X that is called a neighborhood of a. 


Definition 4.4 Let (X,d) be a metric space anda © X. A subset .V 
of Δ΄ is called a neighborhood of a if there is a 6 > 0 such that 


S(a;6) CN. 
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The collection %, of all neighborhoods of a point a ΕΞ X is called a 
complete system of neighborhoods of the point a. 


A neighborhood of a point a € X may be thought of as 
containing all the points of X that are sufficiently close to a 
or as “enclosing” a by virtue of the fact that it contains some 
open sphere about a. In particular, for each 6 > 0, 8 (a; 6) is 
a neighborhood of a. These open spheres have the property 
that they are neighborhoods of each of their points. 


Lemma 4.5 Let (Y,d) be a metric space and a@ XY. For each 

6 > 0, the open sphere S(a; δ) is a neighborhood of each of its points. 
Proof. Let ὃ € S(a;6). In order to show that δία; δ) is a 

neighborhood of b we must show that there is an 7 > 0 such that 

S(b; n) C S(a; δ). 

Since 6 € S(a;8), d(a,b) <8. Choose 

« ΕΞ S(b; η) then 

d(a, x) S d(a, b) + d(b, x) < d(a,b) + ἡ < d(a, b) +5 — d(a, b) -- ὃ, 

and therefore « ΕΞ δία; δ). Thus S(b; ἢ) C S(a; δ) and S(a; δ) is a 

neighborhood of b. 


ἢ « ὃ -- ἀ(α, 6). If 


We may describe this proof pictorially. We have started 
with an open sphere S(a;6) about a. We choose a point 
b € S(a; δ). Then the minimum distance from } to points not 
in S(a; 6) is at least ὃ — d(a, b), as indicated in Figure 8, so 


Figure 8 
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that a sphere about ὃ of radius ἡ < ὃ — d(a, ὃ) is contained in 
δία; δ). ; iy δᾺ 

The complete system of neighborhoods of a point Is u 
portant because this concept may be used to characterize 
continuity of a function at a point. 


Theorem 4.6 Let f:(X,d) --α (Υ, 4). fis continuous at a point ἃ Ε: Χ 
if and only if for each neighborhood M of f(a) there 15 ἃ corresponding 
neighborhood N of a, such that 
ΓΝ) CM, 
or equivalently, | 
MET a). 
Proof. First suppose that f is continuous at the point a € X. 
We must show that, given a neighborhood M of f(a), we can find a 
neighborhood N of a such that f(.V) C M. Since M is a oc 
hood of f(a), there is an ¢ > 0 such that S(f(a); ¢) C M. Since f is 
continuous at a, there is a 6 > 0 such that f(S(a;5)) C S(f(a); 2). 
But N = S(a; 4) is a neighborhood of a, therefore 
f(N) = f(S(a; ὃ) C SG(@;2) C M. 
Conversely, suppose that f satisfies the property that for each 
neighborhood M of f(a), there is a corresponding neighborhood N 


of a, such that f(N) C M. Let < > 0 be given. To prove that f is 
continuous at a we must show that there is a 6 > 0 such that 


f(S(a; ὃ) C SYF(@); 2). 


But S(f(a);e) = M is a neighborhood of f(a) and therefore there is 
a neighborhood N of a such that f(N) C M. Since N isa neighbor- 
hood of a, there is a 6 > 0 such that S(a; 6) C N. Therefore 


f(S(a; ὃ) Cf(N) C M = S(f(@); ε). 


The proof of the first part of the above theorem may be 
represented pictorially by considering an arbitrary neighbor- 
hood M of f(a) (as indicated in Figure 9). Since M is a 
neighborhood of f(a), it contains an open sphere S (f(a); 2) for 
some ¢ > 0. Since f is continuous at a, for some 6 > 0 the 
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Figure 9 


neighborhood N = S(a; δ) is carried into M by f. Similarly, 
the proof of the second part of the theorem may be depicted 
by Figure 10. We start with a neighborhood M = S(f(a);e) 


Figure 10 


of f(a). ‘The assumed property of f allows us to assert that 
there is a neighborhood N of a that is carried into M by f. 
Since N is a neighborhood of a we have an open sphere S(a; 6) 
contained in NV, which must also be carried into M. 

_ If N is a neighborhood of a point a in a metric space 
(X,d) and N’ is a subset of X that contains N, then N’ con- 
tains the same open sphere about a that N does and therefore 
N’ is also a neighborhood of a. Thus, the previous theorem 
becomes: 
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Theorem 4.7 Let f:(X,d) — (Υ, 4). fis continuous ata point a ἘΞ X 
‘t and only if for each neighborhood M of f(a), f-'(M) isa neighbor- 
hood of a. 


The characterization of continuity in terms of neighbor- 
hoods provides a relatively simple method for proving many 
theorems involving continuity. For example, had we post- 
poned the proof of the theorem that the composition of two 
continuous functions is a continuous function, we could now 
prove this theorem in the following manner: 


Theorem Let f:X — Y be continuous at a Ε αὶ and gi¥—Z be 
continuous at f(a) € Y, then gf: X — Z is continuous at a € ἃ. 


Proof. Let M be a neighborhood of g(f(a)). Then g7(M) is εἰ 
neighborhood of f(a) and {π᾿ σ᾽ )} is a neighborhood of a. Since 
Γι) = ἢ) ἢ, the function gf is continuous at a. 


As another application of the concept of neighborhood 
we have: 
Theorem 4.8 Let f:R— R be continuous at a Ε R and let f(a) > 0. 
Then there is a 6 > 0 such that f(x) > Eo whenever |x — αἱ < 6. 


Proof. The open interval M = (ae —w is a neighborhood 
of f(a), therefore f-'(M) is a neighborhood of a. Consequently, there 
| | . a 
is a 8 > O such that (a — δ, a + ὃ) Cf7(M) or f(x) > fe. for 
it — al « ὃ. 
The collections of neighborhoods of points in a metric 


space possess five properties that will be of significance in the 
next chapter. 


Theorem 4.9 Let (Δ΄, d) be a metric space. 


NO. For each point a € X, there exists at least one neighbor- 
hood of a. 
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N1. For each point a Ε X and each neighborhood N of @ 
ac Nn. | 
N2. For each point a € X, if N is a neighborhood of a and 
N’ > N, then N’ is a neighborhood of a. 
N38. For each point a ΕΞ X and each pair N, M of neighborhoods 
of a, N (ἡ M is also a neighborhood of a. 
N4, For each point a € X and each neighborhood N of a. 
there exists a neighborhood O of a such that 0.C N and ὁ isa neigh- 
borhood of each of its points. 


Proof. For a € X, X is a neighborhood of a, thus NO is true. 
N1 is trivial and N2 has already been discussed. To prove N38, let 
N and M be neighborhoods of a. Then N and M contain open 
spheres δία; δι) and S(a; δ.) respectively and therefore N (1) M con- 
tains the open sphere S(a; 6) where 6 = minimum {δι, do}. To prove 
N4, let N be a neighborhood of a. Then N contains an open sphere 
S(a; 6) and by lemma 4.5, 0 = S(a; δ) is a neighborhood of each of i $ 
points. ; . 


There are other properties of the neighborhoods of points in 
a metric space that often play an important role in topological 
considerations. 


Theorem 4.10 Let (X,d) be a metric space. 
AC1 (First axiom of countability). For each point a € X, 
there is a sequence (;, 02,...,On,...of neighborhoods of a with the 
property that each neighborhood N of a contains at least one neigh- 
borhood of this sequence. 
12 (Hausdorff axiom). For each pair 2, y of distinct points of 


X,, there is a neighborhood M of x and a neighborhood N of y such 
that M1 N = @. 


Proof. To prove the first axiom of countability we simply ex- 
hibit the sequence of neighborhoods of a point a in which the n 


neighborhood O, = Καὶ (a; 4 To prove the. Hausdorff axiom, we 


have, for a # b, d(a,b) > 0. If we choose ὃ = a) then the in- 


tersection of the neighborhoods S(a; 6) and S(b; 6) of a and b respec- 
tively is the empty set. 
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Exercises 


Let a€ R. Prove that a subset M of R is a neighborhood of a 
if and only if M contains an open interval containing a. 

LetO =0,U0.U...U0, U..., where for each positive in- 
teger 7, O; is an open interval. Prove that 0 is a neighborhood 
of each of its points. 

Let O = 0,0) O21)... (ἡ On, where for i = 1,...,m, each 0; 
is an openinterval. Prove that 0 is a neighborhood of each of its 
points. 


1 1 Pee | 

For each positive integer 2, let Ὁ), = (-Ὁ 1+ 2) Prove that 

O = A) O; = [0,1] and the 0 is not a neighborhood of each of 
iui 


its points. 

Let ἁΕ R and f:R-—R be defined by f(x) = 0 for eS a, 
f(x) =1forz> a. Prove that f is not continuous at a, but 15 
continuous at all other points. 

Let (X,d) be a metric space such that d(«,y) = 1 whenever 
xy. Let ας X. Prove that {a} is a neighborhood of a. 
Prove that a subset N of X is a neighborhood of a if and only if 
a GN. Let O be a subset of X. Prove that O is a neighbor- 
hood of each of its points. 


Let (Xi, di), (Xe, de), . .. , (Xn, dn) be metric spaces and convert 
x= X, 


into a metric space (X,d) in the standard manner. Prove that 
an open sphere in (X,d) is the product of open spheres from 
X,, Xo,..., X,. Prove that the product of open spheres from 
X,, Xo, ..., X, contains an open sphere of YX. 

In (R*, d), where d is defined as in Section 2, prove that for each 
point (a), a2) € ᾿Ξ, the subset O; X O2, where 0; is an open in- 
terval containing a; and Os is an open interval containing αν, IS ἃ 
neighborhood of (a;, a2). Prove that a subset N of R? is a neigh- 
hood of (a;, a2) if and only if N contains a set of the form 0; XK θς 
as above. 
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5 Open Sets 


In a metric space, the open sphere S(a: 6) is a neighborhood ὁ 
each of its points (Lemma 4.5). The collection of subsets 
possessing this property plays a fundamental role in topology, 


Definition 5.1 A subset O of a metric space is said to be open if O ig 
a neighborhood of each of its points. ' 


In particular, each open sphere S(a; δ) is open. Open sets 
may be characterized directly in terms of open spheres. 


Theorem 5.2 A subset O of a metric space (X, d) is an open set if 
and only if it is a union of open spheres. 


Proof. Suppose O is-open. Then for each a ΕΞ O, there is an 


open sphere S(a;6.) C O. Therefore 
O — ΘΗ, δία; δι) 


is a union of open spheres. Conversely, if Ὁ is a union of open 


spheres, then using the centers of these spheres as the elements of an 
indexing set we can write 


[εξ oer S(a; δι). 


If x € Ο, then x € S(a; δι) for some a Ε 1. S(a; δι) is a neighbor- 
hood of x and since S(a:8,) C O, by N2, ὁ is a neighborhood of a, 
Thus 0 is a neighborhood of each of its points, and by Definition 5.1, 
QO is open, 


Most of the functions considered in topology are con- 


tinuous. Open sets provide a simple characterization of con- 
tinuity. 


Theorem 5.3 Let f:(X,d)— (Y,d’). Then f is continuous if and 
only if for each open set O of Y, the subset f-*(Q) is an open subset 
of X. 
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Proof. First, suppose f is continuous. Let Ὁ C Y be open. 
We must show that [ΠῚ (Ὁ) is open; that is, f-'(O) is a neighborhood 
of each of its points. To this end, let a € f-'(0), then f(a) € O and 
Q is a neighborhood of f(a). Since f is continuous at a, Theorem 
4.7 may be applied, yielding f-'(O) is a neighborhood of a. 

Conversely, suppose for each open set ὁ C Y, f—'(O) is open. 
let a © X and let M be a neighborhood of f(a). Then there is an 
- > Osuch that δὲ [(α); ε) C M. But S(f(a); εἰ is open and therefore 
f"(S(f(a);¢)) is open. Since a Ε f-(S(f(a);2)), this subset is a 
neighborhood of a. Therefore {π᾿} contains a neighborhood of a 
and f is continuous at a. Since a was arbitrary, f is continuous. 


Theorem 5.4 Let a be a point of a metric space (Y,d). Then a sub- 
set N of X is a neighborhood of a if and only if N contains an open 
set that mm turn contains a. 

Proof. If N is a neighborhood of a, then N contains an open 
set, namely an open sphere with center at a, which in turn contains a. 
Conversely, given a Ε Ὁ C N, where OQ is an open set, O is neces- 
sarily a neighborhood of a, and therefore by N2, N is a neighborhood 
of a, 


The adjectives “trivial” or “obvious”’ could well be applied 
to Theorem 5.4, and this theorem would certainly not be worth 
stating were it not that this “trivial”? statement will have 
important consequences when we attempt to extend the con- 
cepts of neighborhood and open: set to more general situations. 
The form of Theorem 5.4 indicates that the term neighborhood 
may be defined by means of the term open set. By this is 
meant a statement of the form “N is a neighborhood of a if 
and only if N has some property with respect to open sets.” 
An immediate consequence of the form of this statement is 
that there is an alternate organization of the material in Sec- 
tions 4 and 5. We could have first defined certain sets to be 
®pen sets directly. Let us call them “tentatively open” for 
the moment. 
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Definition (alternate). A subset O of a metric space is called tenta- 
tively open if it is a union of open spheres. 


We could then follow this alternate definition by: 


Definition (alternate). A subset N of a metric space is called a tenta- 
tive neighborhood of a point a if N contains a tentatively open set 
that contains a. 


Note that the form of the first of these two definitions is 
dictated by the form of Theorem 5.2, and the form of the 
second definition is dictated by the form of Theorem 5.4. 
Theorem 5.2 then asserts that a subset O of a metric space is 
open if and only if it is tentatively open and, consequently, 
Theorem 5.4 asserts that a subset N of a metric space is a 
neighborhood of a point a if and only if it is a tentative neigh- 
borhood of a. We can therefore say that, had we chosen to 
follow the scheme of organization indicated by these two defi- 
nitions, we could delete the adjective tentative, for we obtain 
precisely the same neighborhoods and open sets in a given 
metric space in this manner as the neighborhoods and open 
sets that we have obtained by using Definitions 4.4 and 5.1. 

Just as the collections of neighborhoods of points in a 
metric space possess certain significant properties that it is 
desirable to record, so do the collection of open sets in a metric 
space. 


Theorem 5.5 Let (XY, d) be a metric space. 
Ol. The empty set is open. 
O02, X is open. 
08. If O,, O2,..., On are open, then 


ON\001\...N 0, 


is open. 
04. If for each a € I, O, is an open set, then 
Veer 0. 
is open. 
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Proof. The empty set is open, for in order for it not to be open 
there would have to be a point r Ε (Ὁ. Given a point a € A, for 
any 6 > 0, δία; δ) C X and therefore X is a neighborhood of each of 
its points; that is, Y is open. To prove O3, let 


αξοι O21)... On, 


where for i = 1, 2,...,n,O;is open. Then each 0; is a neighbor- 
hood of a. By ΝΘ, the intersection of two neighborhoods of a 1s 
again a neighborhood of a, and hence by induction, the intersection 
of a finite number of neighborhoods of a is again a neighborhood of a. 
Therefore 0; (ἡ O2(1)...(\ 0, is a neighborhood of each of its 
points. Finally, to prove 04, let 


( ‘= 0 _ oer GS 
where for each a ΕΞ I, θὰ is open. Then a € Og for some 8 € 1 and 


Og is a neighborhood of a. Since Og C O, by N2, O is a neighborhood 
of a. Therefore O is a neighborhood of each of its points. 


Exercises 
1. Let (Α΄, ἀν), ἢ = 1,2,...,n be metric spaces. Let 


A= it Xj 

and let. (Α΄, d) be the metric space defined in the standard manner 
by Theorem 2.3. For i = 1, 2,...,, let O; be an open subset 
of X,;. Prove that the subset 0; X O02 X ... X O, of X is open 
and that each open subset of XY is a union of sets of this form. 
[A collection of open sets of a metric space is called a basis for 
the open sets if each open set is a union of sets in this collection. 
For example, the open spheres in a metric space form a basis for 
the open sets. | 


2. Let X be a set and d the distance function on X defined by 
d(x, x) = 0, d(x, y) = 1 for x # y. Prove that each subset of 
(X, d) is open. 


3. Let (fin, d), (R", d’), (R*, δ) be as in Section 2. Prove that the 
following three statements are equivalent: 
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1. O is open in (R*, d). 
2. O is open in (R*, ὦ"). 
3. 0 15 open in (R*, ἃ"). 

4. Let (ἢ, d) be a metric space, let k > 0, and let d; be the distance 
function defined by d,(2, y) = k-d(a, y),z,y Ε ΔΑ. Provethata 
subset O of X is open in (X, d) if and only if it is open in (X, d;). 


6 Limit Points 


In a metrie space, the topological concepts of continuity, 
neighborhood, and open set are often defined in terms of 
“limits of sequences.” We shall first describe this new concept 
as applied to the real number system. 


Definition 6.1 Let a, a2, ... be a sequence of real numbers. A real 
number a is said to be the limit of the sequence a, ao,. . . if, givene > 0, 
there is a positive integer N such that, whenever n > N, 


la — a,| « ε. 
In this event we shall also say that the sequence a, az, . . . converges 
to a and write 

lim,, ad, = ἢ, 


Interpreting ε as an “arbitrary degree of closeness’? and N 
as “sufficiently far out in the sequence,’”’ we see that we have 
defined lim, a, = a in the event that a, may be made arbi- 
trarily close to a by requiring that a, be sufficiently far out in 
the sequence. 

Now, suppose that we have a metric space (X,d) and a 
sequence αι, a, ... of points of Α΄. Given a point ac X we 
measure the distance from a to the successive points of the 
sequence, by the sequence of real numbers d(a, αι), d(a, a), .... 
It is natural to say that the limit of the sequence a, a2, ... of 
points of X is the point a if the limit of the sequence of real 
numbers d(a, a), d(a, az), . . . is the real number 0. 
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Definition 6.2 Let (X,d) be a metric space. Let a, a, ... be a se- 
quence of points of X. A point a € X is said to be the limit of the 
sequence Gy, do,... if 
lim, d(a, a,) = 0. 
Again, in this event, we shall say that the sequence @, a, . . . converges 
fo a and write 
lim, ἃ, = ἃ. 


The statement, “lim, d(a, a,) = 0,” is by Definition 6.1 
an abbreviation of the statement, “given < > 0, there is an 
integer V such that, whenever n > N, d(a,a,) « ¢,”’ or equiv- 
alently a, € S(a;e). In the event that (X,d) = (ἢ, d), Defi- 


nitions 6.1 and 6.2 agree. Furthermore, 
1 


Lemma 6.3 Let (Α΄, d) be a metric space and a, ao, . . . be a sequence 
of points of Δ΄. Then lim, a, = a for a point a Ε X if and only if, 
given ¢ > 0, there is an integer Δ΄, such that, whenever n > .V, then 


a, Ἑ δία: ε). 


This lemma could be used as a substitute for the two 
previous definitions. It also allows us to characterize limits 
of sequences in terms of either neighborhoods or open sets. 


Theorem 6.4 Let (Δ΄, d) be a metric space and qj, do, . . . be a sequence 
of points of Δ΄. Then lim, a, = a for a point a ΕΞ X if and only if 
for each neighborhood J" of a there is an integer Δ΄ such that a, € | 
whenever n > N. 


Theorem 6.5 Let (Δ΄, d) be a metric space and a, ao, . . . be a sequence 
of points of XY. Then lim, a, = a for a point a © X if and only if 
for each open set 0 that contains a there is an integer Δ΄ such that 
a, ΕΞ Ὁ whenever n > N. 


The proofs of these two theorems are straightforward 
applications of Lemma 6.3 and are left as exercises. 
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In Section 4 we proved that a metric space satisfies the 
Hausdorff axiom; that is, if a and ὁ are distinct points, then 
there are neighborhoods U and V of a and ἢ respectively, such 
that U7) V = Ὁ. From this result we obtain the uniqueness 
of limits. 


Theorem 6.6 In a metric space, let lim, a, = a and lim, a, = b, then 
a = ὃ. 

Proof. Supposea # b. Then there are neighborhoods U and V 
of a and b respectively, such that U Ὁ V = @. Thus, if lim, a, = a, 
we have, for some integer N, a, ΕΞ U whenever n > N and, conse- 
quently, a, @ V forn > N. Therefore lim, a, = b is impossible. 


Continuity may be characterized in terms of limits “οἵ 
sequences in accordance with the following theorem. 


Theorem 6.7 Let (X,d), (Y¥,d’) be metric spaces. A function 
f:X — ¥ is continuous at a point a € X if and only if, whenever 
lim, απ = a for a sequence αἱ, ds, . . . of points of X, lim,, flan) = f(a). 


Proof. Suppose f is continuous at a and lim, a, = a. Let V be 
a neighborhood of f(a). Then f-'(V) is a neighborhood of a, so by 
Theorem 6.4 there is an integer N such that a, € f-'(V) whenever 
n> N. Consequently, f(a,) € V whenevern > N. Thus, for each 
neighborhood V of f(a) there is an integer N such that flan) E V 
whenever n > N and again, applying Theorem 6.4, lim, f(an) = f(a). 
| To prove the “if” part of this theorem, we shall prove that if f 
is not continuous at a, then there is at least one sequence aj, ds, . . . 
of points of X, such that lim, a, = a, but lim, f(a.) = f(a) is false. 
Since f is not continuous at a, there is a neighborhood V of f(a) such 
that for each neighborhood U of a, 


f(U) Z V. 
In particular, for each neighborhood S (a; 2), nme ie. 
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andf(a,) GV. Nowd(a,a,) < * and therefore lim,, a, = a, whereas, 
lim, f(@n) = f(a) is impossible, since f(a,) & V for all n. 


If lim, a, = a, we can write lim, f(a,) = f(a) as lim, f(a,) 
= f(lim, a,). We may therefore describe a continuous func- 
tion as one that commutes with the operation of taking limits. 


Exercises 


1. Each of the points a1, dz, . . . of a sequence of points of R* has k 
coordinates; that is, 
a, = (αἴ, 4%). .».,4) CR n= 1,4... 
Let 
ὃ = (¢), ¢,...,¢%) € R*. 
In each of the three metric spaces (Jt*, d), (R*, d’), (ΠΡ, d”’), prove 
that lim, a, = ὁ if and only if 
hm, αὖ =¢,2 = 1,2,...,k- 


2. Let (X;,d)),7 = 1,2,..., 2 be metric spaces. Let X = i Αι, 


and let (YX, d) be the metric space defined in the standard manner 
by Theorem 2.3. For i = 1, 2,..., define the 7“ projection 
piiX > X;by pit, %2,...,%n) = αι. Prove that each p; is con- 
tinuous. Let (Y,d’) be a metric space. Prove that a function 
f:(¥, d') — (X, αὐ is continuous if and only if the n functions 
p.f:(¥, d’) - (Δ, d), i = 1,2, .... n are continuous. 

3. Let ay, aa, . . . be a sequence of real numbers, each of which is ina 
certain closed interval [c,d]. Prove that if lim, a, = a, then 
a ΕΞ [e, 4]. 

4. Define the concept of subsequence and prove that in a metric 
space a subsequence of a convergent sequence is convergent and 
has the same limit as the original sequence. 
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5. Leta, a2,...and by, by, . . . be two sequences of points of a metric 
space such that a; = 6; for all but a finite number of positive 
integers i. Prove that lim, a, = a if and only if lim, ὃ, = a. 


7 Closed Sets 


Definition 7.1 A subset F of a metric space is said to be closed if its 
complement, C(F), is open. 


In the real number system, a closed interval [a,b] is a 


closed set, for its complement is the union of the two open 
sets θὲ and O,, where ὁ. is the set of real numbers ὦ such that 


x < aand 0, is the set of real numbers x such that z > ἢ. A 


common mistake is the assumption that a set cannot be both 


open and closed. In any metric space (X,d), the two sets 


@ and X are open, and therefore their complements X and @ 


are closed. Thus, X and also @ are both open and both closed. 


Whether or not, in a given metric space, there are other sub- 
sets that are simultaneously open and closed, is a significant 


topological property, which we shall subsequently describe by 
the adjective “connected.” In any event, the adjectives open 
and closed are not mutually exclusive. Nor, for that matter, 
are they all-inclusive, for we shall shortly give an example of a 
subset of the real number system that is neither open nor 
closed. 

In a metric space, a closed set may be described as a set 
that contains all its limit points; that is: 


Theorem 7.2 In a metric space (X,d), a set F C_X is closed if and 
only if for each sequence a), dz, . . . of points of F that converges to 
a point a © X we have a € F. 

Proof. First, let F be closed. Suppose lim, a, = a and a, € F 
for n = 1, 2,.... We shall show that the assumption a € C(F) 
leads to a contradiction. C(F) is open, therefore a € C(F) and 
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jim, @, = a implies that there is an integer N such that for n > N, 
a, © C(F), which contradicts the hypothesis a, € F forn = 1, 2,. ve 
Conversely, suppose that F is a set such that for each sequence with 
lim, ad, = aanda, © F forn = 1,2,...wehavea€G F. We must 
show that F is closed, or, equivalently, that C(F) is open. 1 C(P) 
;s not open; then there must be a point ὁ ΕΞ C(F) such that for each 
neighborhood N of e, 


. N ¢ C(F). 
In particular, | 
3 (c: 5) ¢ C(F) 
forn = 1,2,.... Thus, there is a sequence of points a, a2, . . . such 


that.a, Ε F for n = 1, 2,... and lim, a, = c. The assumed prop- 
erty of the set F then leads to the contradiction that ¢ € F’. There- 
fore, C(F) is open and F is closed. 


Theorem 7.2 might be viewed more directly as a proof of 
the statement 


Corollary 7.3 In a metric space (X, d), aset Ὁ C X is open if and only 
if for each sequence a, a2, . . . of points of C(O) that converges to a 
point a Ε X we havea ¢ 0. 


In keeping with the theme of the last three sections we 
should anticipate a theorem characterizing continuity in terms 
of closed sets. 


Theorem 7.4 Let (X,d), (Y,d’) be metric spaces. A function 
ΓΔ — Y is continuous if and only if for each closed subset A of Y, 
the set f-'(A) is a closed subset of X. 


Proof. For A ΟΥ̓́, we have 
C(f-(A)) = f-(C(A)). 


But f is continuous if and only if the inverse image of each open set 
is an open set, and this is true if and only if the inverse image of 
each closed set is a closed set. 
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Theorem 7.5 Let (X, d) be a metric space. 

Cl. X is closed. 

C2. @is closed. 

C3. The union of a finite collection of closed sets is closed. 

C4, The intersection of a family of closed sets is closed. 

Proof. ΟἹ and C2 have already been discussed. C3 and (4 
follow from the application of DeMorgan’s formulas to the corre- 
sponding properties 03 and 04 of open sets. 


The union of closed sets need not, in general, be a closed 
set, as may be seen by the following example. For each posi- 


tive integer n let F,, be the closed interval Fe 1 Then 


U F,, = (0, 1], where (0, 1] is the set of real numbers x such 
n=] 

ἐμαὶ 0 <2 1. The set (0, 17 is not closed for the sequence 
of points αι, @, ... where a, = - is such that a, Ε (0, 1] for 


each n, whereas lim, a, = 0, and 0 ¢ (0, 1] (Theorem 7.2). 
For that matter (0, 1] is not open, since the sequence of points 
δι, be, .. . where b, = 1+ is such that 6, ¢ (0, 1] for each n, 
whereas lim, ὃ, = 1 and 1 € (0, 1] (Corollary 7.3). 

We shall conclude this section by presenting a character- 
ization of closed sets in terms of the distance function. This 
characterization utilizes the concept of the distance between 
a point and a subset, which, in turn, requires the result that 
a non-empty set of real numbers that has a lower bound has a 
greatest lower bound. 


Definition 7.6 Let A be a set of real numbers. <A real number ὁ is 
called a lower bound of A if b S x for each x © A. A lower bound 
b* of A is called a greatest lower bound (g.l.b.) of A if for each lower 
bound b of A, b S b*. 


The greatest lower bound of a set A of real numbers may 
or may not be an element of A. For example, 0 is a g.l.b. of 
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(0, 1] and 0€ (0, 1], whereas 0 is also a g.l.b. of (0,1) but 
0g (0,1). In any event, the following is true: 


Theorem 7.7 A non-empty subset A of real numbers that has a lower 
bound has a greatest lower bound. 

Proof. Define the set B by x € B if and only if —z 4. Then 
B is non-empty and the negative of a lower bound of A is an upper 
bound of B. Since the set of real numbers is complete, B has a least 
upper bound. But the negative of a least upper bound of B is a 
greatest lower bound of A. 


Lemma 7.8 Let b be a greatest lower bound of the non-empty sub- 
set A. Then, for each e > 0, there is an element « € A such that 
| a—b<e. 

Proof. Suppose there were an < > 0 such that x — ὃ 2 ε for 
each a © A. Then b+ ε S x for each x € A and b + « would be 
a lower bound of A. Since b is a g.l-b. of A, we obtain the contra- 
diction b+ ε Ξ ὃ. 


Corollary 7.9 Let ὃ be a greatest lower bound of the non-empty sub- 
set A of real numbers. Then there is a sequence αν do, .. . of real 
numbers such that a, ΕΞ A for each n and lim, a, = 6. 


Proof. Fore = : we obtain an element a, © A such that 
a,—-b< 2 
n 


Since b is a lower bound of A, 0 < a, — b. Therefore lim, a, = 6. 


Definition 7.10 Let (X,d) be a metric space. Let a € X and let A 
be a non-empty subset of X. The greatest lower bound of the set 
of numbers of the form d(a, x) for x € A is called the distance between 
a and A and is denoted by 

d(a, A). 


From Corollary 7.9 we obtain 
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Corollary 7.11 Let (X,d) be a metric space, a ΕΞ Α΄, and A a non- 
empty subset of Δ. Then there is a sequence @), dz, . . . of points of 
A such that lim, d(a, a,) = d(a, A). 


Theorem 7.12 A subset F of a metric space (Δ΄, d) is closed if and only 
if for each point ᾧ © X, d(x, ΕἼ) = 0 implies x € F. 


Proof. First, suppose F is closed. Let « @ X be such that 
d(x, ΕἾ = 0. By Theorem 7.11 there is a sequence of points of / such 
that lim, d(z, a,) = 0. Thus, lim, a, = x, and hence by 7.2, x € F, 
Conversely, suppose that F is such that d(z, F) = 0 implies x Ε F, 
Let a), a, . . . be a sequence of points of F such that lim, a, = 2. To 
show that F is closed we must show that « € F. In view of the 
condition imposed on F, it suffices to show that d(z,F) = 0. But. 
given ¢ > 0, there is an integer n such that d(z,a,) « ε. Since 
a, ΞΡ, d(x, F) « ε for eache > 0. Thus, d(z, F) = 0 and z € FL 


Exercises 


1. Let (X,d,), (Y,d.) be metric spaces. Let f:X — Υ be contin- 
uous. Define a distance function d on XY X FY in the stand 
manner. Prove that the graph Ty of f is a closed subset of 
(X MF, a). 

2. Let F:R—R be defined by 


“cL 


fz) =42>0, 


fix) = 0,2 8 0. 


Prove that the graph I’; is a closed subset of (R®, d), but that f is 
not continuous. 


3. Let A be a non-empty subset of a metric space (Y,d). Define 
the function f:¥ — R by f(x) = d(#, A). Prove that f is con- 
tinuous. 


4. Let (Δ΄, 4) be a metric space and A a non-empty subset of Y. 
For x, y © X, prove that 


d(x, A) S d(x, y) + d(y, A). 
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Let A be a non-empty subset of a metric space (X, d) and let 
2 € X. Prove that d(x, A) = 0 if and only if every neighbor- 
hood of x contains a point of A. 


6. Let A be a closed, non-empty subset of the real numbers that 


has a lower bound. Prove that A contains its greatest lower 
bound. 


§ Products 


We have indicated that there is a standard procedure for con- 
verting into a metric space the direct product of the under- 
lying sets of a finite number of metric spaces. We shall now 
examine systematically what the neighborhoods, open sets, lim- 
its of sequences, and closed sets are in such a space. Through- 
out this section, then, we shall let (Xi, di), (X2, dz), . . «» (Xns dn) 


be metric spaces, X = Π X., and d the distance function de- 
inl 
fined on X by 


d( (ay, ἄγ. 2 29 a (Wi, Yas ee wy Yn)) = maximum {d,(a;, Yi) } Ξ 


The following lemma is a direct consequence of the definition 
of d as the maximum distance between ‘‘coordinates.”’ 


Lemma 8.1 Let a = (a), d2,..-,;@n) E X,6>0. Then 
S(a; δ) = S(ay; 8) Χ δίας; δ) X .. . Χ Βίας; δ). 


Theorem 8.2 Given a point a = (a), ας». - - » Gn) © X,asubset W C X 


is a neighborhood of a if and only if W contains a set of the form 


Ni X N2 X,..-X Na 
where each Ν᾿ is a neighborhood of a,. 


Proof. First, suppose that W contains a set of the form 
N, x No xX... N,, where each N; is a neighborhood of a;. Then, 
for each i, we have a δὶ > @ such that S(a;;6;) C Ni. Let 
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ὃ = minimum {6;, do, . . . , dn}. 
Then 
δία; 6) C S(ai; δι) X ϑ(α;; δι) KX... Χ Βίας; δ,) 
ΠΝ ONG ao ON ΊΙ. 
But, δία; 6) is a neighborhood of a and, consequently, so is W. 
Conversely, suppose W is a neighborhood of a. Then for some 


6 > 0, S(a;5) CW. If we set N; = S(a,;;5),7 = 1,2,...,7, we 


have 
S(a;s) = Ni XN2X...XN, CW. 


We have now described the neighborhoods in the product 
space X in terms of the neighborhoods in each X;. The word 
“basis” is often used in this situation. 


Definition 8.3 Let a be a point in a metric space. A collection 91 of 
subsets is called a basis for the neighborhoods at the point a if: 


1. Each subset in % is a neighborhood of a; 


ὦ. A-subset U is a neighborhood of a if and only if it contains 
an element of 2. 


Theorem 8.2 thus becomes: 


Corollary 8.4 A basis for the neighborhoods at a point 
α = (αι, da,..., 4.) GC X 
is the collection of subsets of X of the form 
Nr MW Sh ONS 
where each Ν᾽, is a neighborhood of a,. 


We shall next describe the open sets in X. 
Theorem 8.5 A subset O of X is open if and only if O is the union of 
sets of the form 


Cex Oy Xs 15 HO, 
where each 0; is an open subset of X,. 


66 


Products Sec. 8 


Proof. We first note that if, for? = 1, 2,...,%7, 0, is an open 
subset of X,, then by Theorem 8.2, O; X O02 X... X O, is a neigh- 
borhood of each of its points and is therefore open. Now, sup- 
pose that for each a € I, we have open subsets Oa, of Xi, O.2 of 
Xo,..+;Oan0f X,. Then, for each a € I, 

Oa. x Oa,2 barra ae 
is an open subset of XY. Since the union of open sets is open 
Unser Oa, »“ Oa,2 x Sle ie oe 


is an open subset of X. 
Conversely, suppose Ὁ is an open subset of X. For each 
a = (a, @,...,4,) € O, there is an open sphere 
S(a; δι) = S(a; δα) x δία; δι) Mose δία C 0. 
Therefore 
0 -Ξ Uaeo S(ai; δι) x δίας; δα) Mere AK S(an; δα). 


Again, in the following sense, we have used the open sub- 
sets of the X,’s to describe a “basis” of the open subsets of X. 


Definition 8.6 Let (Y,d’) be a metric space and let ὦ be a collection 
of subsets of Y. The collection @ is called a basis for the open sets of 
(Y, d’), provided that: 


1. Each subset in ὦ is an open set; : 
2. A subset V of Y is open if and only if V is the union of sets 
belonging to the collection ὥ. 


Theorem 8.5 may now be restated: 


Corollary 8.7 A basis for the open sets of (X, d) is the collection of 
subsets of X of the form 


Oi 0 Ge aa Oe 
where each ὦ); is an open subset of X;. 


Theorem 8.8 Let a), a2, ... be a sequence of points of X. Let 
a; = (aj, ab, ..., αἴ) and let c = (δι, ¢2,...,¢n) Χ. Then 


lim; a; = ὃ 
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if and only if, fori = 1, 2,...,n, 
lim; αἱ = (Cj. 
Proof. First suppose that lim, a; =e. Let U; be a neighbor- 


hood of 6, 7 = 1,2,....,n. To prove that lim; αἱ = ¢;, it suffices to 


prove that there is an integer NV such that for j > N, αἱ EU; By 
Theorem 8.2, ἢ, Χ U2... U n is a neighborhood of ¢. Since 
lim; a; = 6, there is an integer N such that, for 7 > N, a; © U, x 
U;X...X U,, which, in turn, yields αἱ €U; for j>N and 
ὃ “1 ees ἮΝ. 

Conversely, suppose that lim; αἰ = ¢; for i = 1, a Ml 


W be a neighborhood of θὲ. By Theorem 8.2, W contains a set of the 


form U,; X U;X...X Us, where each U : 1s a neighborhood of δι. 
Since lim; αὐ = e,, for each i, there is an integer N;, such that αἱ ΕΞ U, 
whenever j > N;. Let N = maximum {N;, Na, ...,N,}.. Them 
for i> N, a; = (ai, a2,..., a4) GN, ΧΝ,Χ Brae MK Net W. 
Thus, for each neighborhood W of ὁ there is an integer V such that 
a; Ε W for 7 > N, and, therefore, lim; a; = 6. 


With regard to closed sets in a product space, let us first 
make the observation that, if for? = 1,2, 2.05", AC X,, them 


C(A, X Ap XX... X Az) 
= (C(A1) X X2 XK... X Xn) U(X X C(Ad) X22. X X,) 
U...U(X xX X.&... & C(A,)). 


Thus, if F'; is a closed subset of XY ‘for? = 1,2,...,n, 
fy xX Fy. aX Ff. 
is a closed subset of X, for 


CPX Fi xX... F,) 
= (CUP) X Xe X «6. X Xn) U(X Χ CU) X 2. xX Xa) 
U...U (Xi KX X2 &... X C(F,)) 


is a finite union of open sets. 
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Theorem 8.9 A subset F of X is closed if and only if F is the inter- 
section of a family (F.)acr of sets, where for each a € I, Fa isa 
finite union of sets of the form 


KM fe oe ee 
F; a closed subset of λ΄, ὁ = 1, 2,..., 7. 


τ Ι , F x se 8 x F,, 
Proof. We have seen that a set of the form F, X Fs | 
each F; a closed subset of Δ΄, ἡ = 1,2,...,7,18a closed subset of τ 
If. for ἃ (Ξ I, F, is a finite union of such sets, then F, is closed, and, 
consequently, | 
O\eer F a 

is closed. | 
Γ᾿ Conversely, suppose that F is a closed subset of Α΄, so that C(F) 


is open. By Theorem 8.5, 
COP): = Wher 0a Ose Xo KO ans 
where for each a ΕΞ I, Oq,; is an open subset of X;. Thus, 
F = C(Ucer Oaa X One X--» XK Onn) 


and, by DeMorgan’s law, 

F = (\cer COas X One X ~~» K-Oan): 
But, for each a € 7, 
C(Oos Χ Ona X «60 MK Can) = (Ces) K Xe Χ...Χ Xn) 
U(X X C(Oa2) Xs X Xn)... U (hr K Xe KX... Χ Can), 
so that each of the sets C(Oa. X ὁ... X..+ X Oa) is a finite union 
of closed sets of the form 

Pe Fe ΧΩ, 


F; closed in X;,7% = 1,2, ..., 7% 


The description of the closed sets of the product space X 
is more complicated than the description of the open sets. e By 
analogy with the earlier situation, we shall define a “basis” for 
the closed sets of X to be the sets that play the role of the F, 
in the above proof. 
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Definition 8.10 Let (Y, 4 be a metric space and let F be a collection 


of subsets of Y. The collection ¢ is called a basis for the closed sets of 
(Y, d’) provided that: 


1. Each subset in $ is a closed set- 


2. A subset W of Y is closed if and only if W is the intersection 
of sets belonging to the collection δ. 


Theorem 8.9 then becomes: 


Corollary 8.11 A basis for the closed sets of (X, d) is the collection of 
subsets of X that are finite unions of the sets of the form 


Χο OOK 
where fori = 1,2,...,n, F,;is a closed subset of X;. 


The term “‘sub-base” is used to describe the sets that play 
the role of F, x FP, : κὸ Χ Μ᾽, 


Definition 8.12 Let (Y,d’) be a metric space. Let G be a collection 


of subsets of Y. The collection 9 is called a sub-base for the closed 
sets of (Y, α΄}, provided that: 


1, Each subset in 9 is a closed set: 
2. A subset W of F is closed if and only if W is the intersection 
of sets each of which is a finite union of sets in G, or in place of 2, 


2’. The collection & of sets that are finite unions of sets belonging 
to G is a basis for the closed sets of CF a}. 


Corollary 8.13 A sub-base for the closed sets of (X, d) is the collection 
of subsets of X of the form 


ye Fe Me os EFL 
where, forz = 1, 2,..., 7, F; is a closed subset of αὶ, 


Exercises 


1. Do Problem 2 in Section 6 again. 
2. Do Problems 1 and 2 in Section 7 again. 
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3. Let F be the subset of (R?, d) consisting of all the points (21, 22) 
such that both 2; and 2» are integers. Prove that F is closed. 
eee : h 
_ Let Q? be the subset of (ΕΞ, d) consisting of all points (x, 22) 500 
᾿ reyes a, and x. are rational numbers. Prove that Q? 18 
neither open nor closed. 
ἣν i : ion d* on 
. Let (Ὁ, d) be a metric space. Define a distance function . 
; x ᾿ X ἐν the method of Theorem 2.3. Prove that the function 
d:(X Χ X, d*) > (Εἰ, αὐ is continuous. 


| ; 
6. In (R*,d), leita Ε R* and Ν, Ξὶ 5 («: Ξ Prove that Ni, No, 
.., Np, ...i8 a basis for the neighborhoods at a. 
| e | isting of all those points 
γ. In (R?, d), let A be the subset of R* consisting ο β 
a = (αι, 9) such that 2. « σι. Sketch the region A and deter- 


mine a collection (O.)acr of subsets of F? of the form O04, XK 0... 
where 0,.;, a € I,i = 1, 2, is open in R, such that A = User 0.. 


9 Subspaces 


Let (X, d) be a metric space. Given a subset Y of X we may 
convert Y into a metric space by restricting the distance 
function d to Y X Y. In this manner each subset Y of X 
gives rise to a new metric space (Y,d| ¥Y X Y). On the other 
hand, we may be given two metric spaces (X, d) and (Y, a’). 
If Y C_X, it makes sense to ask whether or not d’ is the restric- 
tion of d. 


Definition 9.1 Let (X,d) and (Y,d’) be metric spaces. We say that 
(Y, d’) is a subspace of (X, d) if: 


Ἰ. ΓΦ Α: 
2, ἃ -- αΙΥ᾽ XY. 
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Le and 1 : —> | be an inclusion ma y 
| t ᾿ ς x } x S pping. De- 


(2 X ὃ (YY) = (sm, yo). 
Then (Y, d’) is a subspace of (X, d) if the diagram 


tXt Ἢ 
ee abe 


is commutative. There are as many subspaces of a metric 
space (X, d) as there are subsets of X. | 


AME 


Example 1 [et Q be the set of rational numbers. Define ἀρ: X 
Q— R by do(a, δ) = |a — ὃ]. Then (Q, dg) is a subspace of (R, d). 


Example 2 Let /" (the unit n-cube) be the set of all n-tuples (αι, x», 
- ++ 52») of real numbers such that 0 < 2; Ξ 1, for i = 1, 2, . +g Me 
Define dail" X 2 <9 R by di (xi, oe) «0s 5 “ὦ, Ws tn +s» ¥,)) = 
maximum {{π| — yi}. Then (15, d.) is a subspace of (R*, d). 


Example 3 Let S" (the n-sphere) be the set of all (n + 1)-tuples 

(2, Le, . . - 5 Zn41) Of real numbers such that 
titast+...ta2y. = 1. 

Define ds:S" X S*" > R by 


d((a, νυν νὰν Tn+1)s (41, ἢν. +65 Yn+i)) ὑπο 


In-+-1 

Zz (a — υὐδ. 
, i=] 

Then (85, ds) is a subspace of (R**, d’). 


Example 4 Let A be the set of all (mn + 1)-tupl 
Pp €s (21, ΗΝ ἢ 5» ἃ ἢ HH f 
real numbers such that ai. = 0. Define ἀμ: XA—>R by ΜΗ 


d4((a, A ee δ π. 0), (ψι, 125. ..... Yns 0)) = maximum {15 τὲ (δὲ yi|}. 
lsisn 
Then (A, d,) is a subspace of (R**, ἃ). τ 
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Theorem 9.2 Let (Y’, d’) be a subspace of (X,d). Then the inclusion 
mapping 7: ¥ — X is continuous. 

Proof. Given a Ε Y ande > 0, choose 6 =e. If d'(a, y) < 4, 
then d(i(a), i(y)) = d(a, y) = ἀ'(α, y) « ὃ =«. 


This theorem could also be proved by using the character- 
ization of continuity in terms of neighborhoods, open sets, 
and soon. To prove this result using neighborhoods we would 
need to know, for a point a € Y, the complete system of 
neighborhoods of the point a when a is considered to be a point 
of (Y,d’) and when a is considered to be a point of (X, d). 
For this purpose we require the relationship between open 
spheres in (Y,d’) and open spheres in (X,d). Let Sx(a; δ) 
stand for the set of all points © X such that d(a,z) « 6 
and Sy(a; δ) stand for the set of all points y € Y such that 
d'(a, y) < 6. Since d’ will be the restriction of d, we obtain: 


Lemma 9.3 Let (Υ, d’) be a subspace of (X,d). Then for a point 
ac yY, 
Sy(a; δ) = Y (ἡ Sx(a; δ). 


Theorem 9.4 Let (Y, 41 be’a subspace of (X,d). Fora point a € F, 
a subset N’ C Y isa neighborhood of a if and only if there is a neigh- 
borhood N of a in (X, d) such that 

Ν' Ξ- Y()\N. 

Proof. First let N be a neighborhood of a in (X, d), so that for 
some 6 > 0, Sx(a;é) C N. Then the subset N’ = Y Ο N of Y isa 
neighborhood of a in (1, d’), for Sy(a; δ) = YM Sx(a;6) CN’. 

Conversely, suppose N’ is a neighborhood of a in (Y, d’), so that 
for some 8 > 0, Sy(a;8) C N’. Let N = N'U Sx(a; δ). Then N 15 
a neighborhood of a in (X, d), since Sx(a;6) CN, and 
YAN =YQ(N'U Sx(a;8)) = (YON) U (FO Sx; 8) 

= N’U ϑγία; δ) = N’. 


The above theorem states that the neighborhoods of a 
point a in a subspace are precisely the restrictions of the neigh- 
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borhoods of the point a in the larger space. A similar state- 


ment holds for open sets. 


Theorem 9.5 = (Y,d’) be a subspace of (Y,d). A subset Ο C Y 

is an open subset of (Y,, 4 if and only if there is ar subset ¢ 

of (X, d) such that se ani i 
O'=Y 0. 


Proof. Let 0 be an open subset οἵ (X,d) and O' = Κ᾽ Ὁ 0. 

κῃ τ : Ε 0’, since a € Ὁ there is ἃ δὰ» Osuch that Sx(a;6,) C 0. 
nus, γία; 6.) = Y¥ (1) 'χία; δὲ) CY ONO = 0". Th ‘is 

ge στὴ us 0" is open 
: Conversely, suppose 0’ is open in (Y, d’). Then for each a € Of 
there is a 6, > 0 such that Sy(a;6,) C ΟΘ΄. The set Sx(a: 6.) is Οἱ : 
τος 6 set Sx(a; δὼ) is open 
O = Uneo Sx(a; 6a) 


is open in (X,d). But 
¥ 1) O = Useo (¥ 1) Sx(a; δα)) = Useo Sy(a; δι) = 0%. 


~~ - Let (Y, 47 be a subspace of (X,d). A subset F’ C Y 
is a closed subset of (Y,d‘) if and only if there is a closed s 
tty eae, Χ re is a closed subset F 


F’=YQF. 


_ Proof. We shall use the characterization of a closed subset F’ 
of Y as a set for which d’(a, F’) = 0 implies a € F’. First, suppose 
ene ihe WS ΣΦ F is a closed subset of Δ. If ας Υ' and 

a, = 0,thend(a,F) =OandaECF. 1 = δ 
It follows that F’ is closed. e Pe oe 
Conversely, suppose F’ is a closed subset of Y. Let F be the 
subset of X consisting of those points x such that d(x, F’) = 0. We 
claim that F is closed in X and F’ = Υ (ἡ F. Clearly, F’ C F, so 
that F’ C ¥()\ F. Onthe other hand, if zx € ¥ CQ F, then d(z, F’) = 
d'(x, F’) = 0 and the fact that F’ is closed in (Y,d’) implies that 
«€F". Thus F’= YF. Finally, F is closed, for given a point 
a = C(F), d(a, F’) > 0; hence the open sphere of radius d(a, F’)/2 
with center a is contained in C(F’), whence ΟἹ. is open. 
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Exercises 


1. Let (¥,d’) be a subspace of (X,d). Prove that the inclusion 
mapping i: ¥ — X is continuous by using the characterization 
of continuity in terms of neighborhoods, in terms of open sets, 
and in terms of closed sets. 

2, Prove that if (Z, d’’) is a subspace of (Y, 4) and (Y, d’) is a sub- 
space of (X, d), then (Z, d"’) isa subspace of (X, d). 

g. Let (Y,d’) be a subspace of (X,d). Let ai, as, . - - be a sequence 
of points of ¥ and let a€ Y. Prove that if lim, a, = @ in 
(Y, 4, then lim, an = ain (X,d). [The converse is false unless 
one assumes that all the points mentioned lie in Κ΄; see the next 
problem. } 

4. Consider the subspace (Q, dg) (the rational numbers) of (R, d). 
Let αἱ, a, ... be a sequence of rational numbers such that 
lim, a, = V2. Prove that, given ¢ > 0, there is a positive in- 
teger N such that for n, m > N, |an — αι <¢. Does the se- 
quence αἱ» dz, .. . converge when considered to be a sequence of 
points of (Q, dg)? 


10 Equivalence of Metric Spaces 


Let A be the set of all (n + 1)-tuples (σιν 22,...,%ni1) of 
real numbers such that 2.41 = 0. Thus AC πη. Let ἀκ be 
the restriction of the distance function d on R"*! to A, so that 
(A, d4) is a subspace of (R"*!, d). The metric space (A, da) is 
in most respects a copy of the metric space (it", d). The only 
distinction between (R", d) and (A, d,) is that a point of R 
is an n-tuple of real numbers, whereas a point of A is an 
(γι + 1)-tuple of real numbers of which the last one is zero. 
The relationship between the metric spaces (R", d) and (A, da) 
is an example of the relationship called “metric equivalence.” 
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Definition 10.1 Two metric spaces (A, d4) and (B, dz) are said to | nm 
metrically equivalent if there are inverse functions f:A—B ane 
g:B — A such that, for each x, y © A, 


dp (f(x), f(y)) = da(a, y). 
and, for each u, v € B, 


da(g(u), g(v)) = dp(u, v). 


In this event we shall say that the metric equivalence is defined by f 
and g. 


Theorem 10.2 A necessary and sufficient condition that two metrie 
spaces (A,d4) and (B,ds) be metrically equivalent is that the δ 
exist a function f: A — B such that: 


1. f is one-one; 
2. f is onto; 
3. for each x, y € A, 


dz( f(x), fly)) = da(a, y). 


Proof. The stated conditions are necessary, for if (A, ds) 
and (B,ds) are metrically equivalent, there are inverse functions 
f:A — B and g:B — A, and therefore f is one-one and onto. Con- 
versely, suppose a function f:4 — B with the stated properties ex- 
ists. Then f is invertible and the function g:B — A such that f 
and g are inverse functions is determined by setting g(b) = a if 
f(a) = ὁ. For u,v € B, let x = g(u), y = g(v). Then 


da(g(u), g(v)) = da(a, y) = da(f(x), f(y)) = de(u, v). 


Given metric spaces (A,d,) and (B, ds) and functions 
f:A —B and g:B — A, let us denote by fXf:4 xX Ao 
BX B the function defined by setting (f X f)(a, y) = 
(f(x), f(y)) for z, yE A and, similarly, let g X g:B X Ba 
A XA be defined by setting (g x g)(u, v) = (g(u), g(v)) for 
u,v€B. The statement that ἀμί F(x), f(y)) = dala, y) for 
t,y €A is equivalent to the statement that the diagram 
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AXA 


da 
dp 


BXB 


is commutative (one may also describe this relation by “" 
ing that the function f:A — B is “distance preserving ; Ἢ 
terms of diagrams, the statement that (A,d,4) and (B, oo 
are metrically equivalent is the statement that there e 

functions f:4 > B, g:B >A such that the four diagrams 


A _ ny B Ξ τῇ 
᾿ yr 


dp 
ate ee ΣΌΝ 
d 


ds 
BXB — 


AXA 
are commutative (where 74:4 — A and ὦ: — B are ΕΣ 
tity mappings.) The first two diagrams express the fact that 
f and g are inverse functions and the last two diagrams express 
the fact that f and g “‘preserve distances.” Since the distance 
between 2 and y in A is the same as the distance between 
f(z) and f(y) in B, f is continuous. Similarly, g is continuous. 
Thus: 

Lemma 10.3 Let a metric equivalence between (A, da) and (B, wy 
defined by inverse functions f:A — B and g:B — A. Then both f 


and g are continuous. 
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From the point of view of considerations that relate only 
to the concept of continuity, the relationship of metric equiy. 
alence is too narrow. We are led to define a broader concept 
of equivalence in which we drop the requirement of “preserva- 
tion of distance”; that is, the commutativity of the last pair of 
diagrams, and merely require that the first two diagrams be 
commutative and the functions in these diagrams be con- 
tinuous. 


Definition 10.4 ‘T'wo metric spaces (A, d,) and (B, dg) are said to be 
topologically equivalent if there are inverse functions f:A—B and 
g:B — A such that f and g are continuous. In this event we say 
that the topological equivalence is defined by f and ῃ. 


As a corollary to Lemma 10.3 we obtain: 


Corollary 10.5 Two metric spaces that are metrically equivalent are 
topologically equivalent. 


The converse of this corollary is false; that is, there are. 
metric spaces that are topologically equivalent, but are not 
metrically equivalent. For example, a circle of radius 1 is 
topologically equivalent to a circle of radius 2 (considered as 
subspaces of (R*, d)), but the two are not metrically equiv- 
alent. 

The following two lemmas furnish a sufficient condition 
for the topological equivalence of two metric spaces with the 
same underlying sets. 


Lemma 10.6 Let (X,d;) and (X, ἃ.) be two metric spaces. If there 
exists a number K > 0 such that for each z, y © X, 


d,(x, y) S Kd,(z, y), 
then the identity mapping 

a: (X, ἀν) — (X, de) 
is continuous. 
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Proof. Given « > 0 and a € X, set ὃ = e/K. If d,(z,a) « ὃ 
then d(i(x), i(a)) = d,(z, a) S K-di(a, a) < Kb = ε. 


temma 10.7 Let (X,d) and (Α΄, 4 be two metric spaces. If there 
exist positive numbers Καὶ and Κ΄ such that for each x, Ε X, 
d'(x,y) Ξ K-d(z, y), 
d(z,y) 5 K'-d'(z, y); 
then the identity mappings define a topological equivalence between 
(X, d) and (X, 47. 


We have discussed the two metric spaces (R", d) and 
(R", d’), where the distance function d is determined ne the 
maximum distarice between coordinates, and the distance unc- 
tion d’ is what is called the Euclidean distance function. For 
each pair of points 2, y € R", the inequality 


d(x, y) 3 d'(a,y) 35 Vnd(a, y) 


holds. It therefore follows from Lemma 10.7 that the metric 
spaces (R", d) and (R*, d’) are topologically equivalent. 


Theorem 10.8 Let (X,d) and (Y,d’) be two metric spaces. , 
7:1 μὲ: and g:¥ — Χ be inverse functions. Then the following 
four statements are equivalent: 

1. f and g are continuous; ΠΕ 

2. ᾿ bibeet 0 of X is open if and only if f(O) is an open subset 

fy: . 
; 3. A subset F of X is closed if and only if f(F) is a closed subset 
fy: . 
: 4. For each a € X and subset N of X, N is a neighborhod of a 
if and only if f(N) is a neighborhood of f(@). 

Proof. 1= 2. Let O be an open subset of x Then f(O) = 
g-'(O) is open since g is continuous. Conversely, if f(0) is an open 
subset of Y, then f-(f(0)) = O is open since f is continuous. 

9-4, For eachaC αὶ andN CX, Nisa neighborhood of a 
if and only if N contains an open set O containing a if and only if 


79 


Ομ. 9 Metric Spaces 


f(N) contains an open set ὁ)" = 7(0.) containing f(a) if and only ἢ 
S(N) is a neighborhood of f(a). 4 

4 - 1. Foreach a ΕΞ X, let U be a neighborhood of f(a). Ther 
Γ΄ (7 is a neighborhood of a, for U = f(f-'(U)) is a neighborhoog 
of f(a). Thus f is continuous. Similarly, for each b € Y, let V be 
a neighborhood of g(b). Then g-'(V’) = f(V) is a neighborhood οἱ 
f(g(b)) = 6, and g is continuous. 

Thus, statements 1, 2, and 4 are equivalent. We leave it to the 
reader to verify that statements 2 and 3 are equivalent. 


Statement 1 in Theorem 10.8 is, of course, the statement 
that the metric spaces (X,d) and (Y,d’) are topologically 
equivalent. Consequently, Theorem 10.8 asserts that two 
metric spaces are topologically equivalent if and only if the Ὃ 
exist inverse functions that establish either a one-one cor- 
respondence between the open sets of the two spaces, a one-one 
correspondence between the closed sets of the two spaces, or 
a one-one correspondence between the complete systems of 
neighborhoods of the two spaces. 


Exercises 


1. Prove that each metric space (X,d) is topologically equivalent 
to itself. 


2. Prove that if (X, d) and (Y, d’) are topologically equivalent, then 
any metric space topologically equivalent to (X,d) is also top- 
ologically equivalent to (Y, d‘). 

3. For each pair of points a, b € R", prove that there is a topological 
equivalence between (R",d) and itself defined by inverse fune- 
tions f:R"— RK" and g:R"— R" such that f(a) = ἡ. [Hint: 
If a = (a, da,..., an), ὃ = (bi, bo, ..., b,), define f by setti ng 
f(s Fay + An) = (αὶ + by — ay, 2 + ὃς — Ge, . . tn + bn — Ga) 

4. Prove that the open interval (— 72/2, x/2), considered as a sub- 
space of the real number system, is topologically equivalent to 
the real number system. Prove that any two open intervals, 
considered as subspaces of the real number system, are top- 


SO 


6. The open n-cube is the set of all points x = (21, Ze,» - 


Appendix 


ologically equivalent. Prove that any open interval, considered 
as a subspace of the real number system, 1s topologically equiv- 
alent to the real number system. 


5. Forti =1,2,...,M, let the metric space (X;, d;) be topologically 


equivalent to the metric space (Κ΄, di). Prove that if 
Radi ἃ, and y= IY, 
i=1 i= 


are converted into metric spaces in the standard manner, then 
these two metric spaces are topologically equivalent. 

-,2n) € R* 
such that 0 < 2; < lfort =1,2,...,". Prove that the open 
n-cube, considered as a subspace of (R", d), is topologically equiv- 
alent to (R", d). (Hint: Use the results of Problems 4 and 5.| 


Appendix 


Theorem 2.5 (R*, d’) is a metric space, where d’ is the function de- 
fined by the correspondence 


d(x, y) = 


z (σι — yi)’, 


for x = (ay, Ζ5».- +5 tn)s Y= (Yrs Yor e+ Yn) ER 
Proof. It is readily apparent that d’ possesses the properties 
required of a distance function, with the exception of the property 
d'(a, b) 3: d'(a, c) + αἱ (ο, ὃ) 
Let a= (ay, de, ..+5 Gn), b= (Bi, Ge,» +5 Dads 
We must show that 


for a, b,c € R*. 
C = (C1, Ca, . . +» Cn). 


If we set u; = a; — δ; and 0; = οἱ — ὃ» then a; — δ, = u; + v;, and 
we must show that 


Σ (utr)? s Vz, ui + \ 2, οἵ. 
im] i= i= 


S (a; — οὐ + z (eo; — B,)*. 
i=] i= 
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Since the terms on both sides of this inequality are positive, 


it suffice 
to prove that 


E(u +o) s Duty Dui EF + Σ vf. 


This last inequality is equivalent to the inequality 


n n 1/2 n 1/2 
> uti Ss] > εὐ] [Σ εἰ] ᾿ 
ἐπ} Ὶ | i=] 


ἔπε] 
The proof of this theorem will have 
the following lemma: 


Schwarz’s Lemma Let (1u;, τω... 
real numbers, then 


n πῃ 11}2 n 1/2 
> uo s| 3 ui | | 2 9] : 
i=] t=] Lia] 


Proof. It suffices to prove that 


n 2 nn a. on 
( uw) 3 (3 ut) (3 r#): 
im] t=] t=] 
To this end, we consider, for an arbitrary real number ἃ, the exp 


sion Σ (u; + dv). We have, 


OS Σ (ut dot = Σ ει t On Bue ἘΔ Σ ob. 
i= = tm] im] 
Therefore, the quadratic equation in Δ, 
0= Σ αὐ Ὁ 2B ἀρ τ ΔῈ Σ υἱἷ, 
=] = ἔπε 1 


can have at most one real solution. Consequently, 


(3 ws) - Σ u?) (2 rf) <0, 
t=] i=] ἐπα] 
(3 was) < (3 ut) (3 ε}) 
i=] im] \ia] 
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Topological Spaces 
το: 


1 Introduction 


In the context of metric copii eon οὶ ὌΡΗ ΤΩΝ, nee 
. as continuity, neighborhoo » and » a 

ent by means of open sets. Discarding the ~~ 
funetion and retaining the open sets of a a sabe 
rise to a new mathematical object, called a topo μιν ὡς ᾿ 
The topological concepts that have been rae in Ρ oe 
must be reintroduced in the context of topo — she : 
The procedure for formulating the appropriate ~ ens 
these terms in a topological space is to find, in a me - oe 
the characterization of the term by means of open sets, —_ 
in most cases: what is a theorem in a metric —— wr nin 
nition in a topological space. There are other sng ο va 

ducing topological spaces. For example, if, upon a 
the distance function of a metric space, we were to re 
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systems of neighborhoods of the points of the metric space, we 
obtain what we shall call a neighborhood space. We shall 
indicate the equivalence between the concept of a neighbor 
hood space and the concept of a topological space. Certain 
new topological concepts are also introduced: namely, the 
closure, interior, and boundary of a set (these concepts could 
have been introduced in metric spaces.) In many respects the 
elementary material in this chapter is a repetition of material 
from Chapter II, but in a different context. The concept of a 
topological space is one of the most fruitful concepts of modern 
mathematies. It is the proper setting for discussions based on 
considerations of continuity. | 


2 Topological Spaces 


Definition 2.1 Let X be a non-empty set and 3 a collection of subsets 

of X such that: 
Ol. X ES. 
02. OES. 


O3. If 0;, O2,..., 0, Ε 3, then 


ἀν «cf (OES. 
04, If for each a ], 0, ΕΞ 3, then 
aer 0. Ε 3. 


The pair of objects (X,3) is called a topological space. The set X 
is called the underlying set and the collection 5 js called the topology 
on the set_X, 


Let (X,d) be a metric space. The collection 3 of open 
sets of this metric space satisfies the conditions ΟἹ, 02, 03, O04 
(by Theorem 5.5, Chapter II). Thus, (X, d) gives rise to the 
topological space (X, 3). 


Definition 2.2 Let (X,d) be a metric space. Let 3 be the collection 
of open sets of this metric space. The topological space (X, 3) is 
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called the topological space associated with the metric space (XY, d) and 
the metric space (Δ΄, d) is said to give rise to the topological space (X, 3). 


Thus, we are in a position to give many examples of top- 
ological spaces; namely, for each metric space its associated 
topological space. On the other hand, any set X and collec- 
tion 3 of subsets satisfying 01, 02, 03, O4 is an example of a 
topological space, and we shall see that not every such exam- 
ple arises from a metric space. 


Examples 


1. The real line; that is, the topological space that arises from the 
metric space consisting of the real number system and the dis- 
tance function d(a, δ) = |a — bj. 


2© 


The topological space that arises from the metric space (Re, d), 
We shall call this topological space Euclidean n-space with the 
usual topology. 

3. Let X be an arbitrary set. Let 3 = {@,X}. Then (X,3) isa 
topological space. 

4. Let X be a set containing precisely two distinct elements a and 
b. Let δι = (0, ΑἹ, ὅς. = @, {a}, X}, 5 = (0, (by, ΑἹ, J = 
{O, {a}, {b}, X}. Then (X,3,), i = 1, 2, 3, 4 are four distinct 
topological spaces with the same underlying set. 

5. Let X be an arbitrary set. Let 5 be the collection of all subsets 
of Α΄, i.e. 5 = 2%. Then (X,3) is a topological space. Of all 
the various topologies that one may place on a set X, this one 
contains the largest number of elements and is called the discrete 
topology. 

6. Let X be an arbitrary set. Let 3 be the collection of all subsets 

of XY whose complements are either finite or all of Δ. Then 

(XY, 3) is a topological space. 


=} 


Let Z be the set of positive integers. For each positive integer 
n, let On, = {n,n +1,n+2,...}. Let 3 = {@, 01, O2,..., 
O,,...$- Then (Z, 3) is a topological space. 
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To verify that (X, 5) is a topological space, one verifies 


that the specified collection of subsets, 3, is a topology; that is, 
that 3 satisfies conditions ΟἹ, 02, 03, 04. For example, let 


X and 3 be as in Example 6. Then X € 5, for its complement 


® = C(X) is certainly finite. Also @ € 3, since C(@) = X. 
Thus, 3 satisfies conditions ΟἹ and 02. Next, let 0;, 02,..., O, 
be subsets of X, each of whose complements is finite or 
all of X. To show that 0,0 0.0...Q0,€3 we must 
show that ΟἿ, (ἡ 0.1...) O,) is either finite or all of X. 
But C(0,0 02:0... On) = C(O:) ὦ C(O2) U.. ὦ C(On). 
Either this set is a union of finite sets and hence finite, or for 
some ὦ, C(O;) = X and the union is all of X. Finally, for 
each a € J, let 0. € 3, so that C(O,) is either finite or X. 
Then C(Uger 02) = Maer C(O.). Either each of the sets, 
C(O.) = X, in which case the intersection is all of X, or at 
least one of them is finite, in which case the intersection is a 
subset of a finite set and hence finite. Thus (X, 3) is a top- 
ological space. The reader should verify that the remaining 
examples do, in fact, constitute examples of topological spaces. 

Given a topological space (X, 5), the subsets O of X that 
belong to 5 are called “open” sets. The adjective “open’’ is 
used because, in the event that the topological space (X, 3) 
arises from a metric space (X,d), the subsets of X that are 
open in the associated topological space (X, 3) are precisely 
those subsets of X which are open in the metric space (X, d). 
One may describe this situation by picturing the totality of 
metric spaces being related to a subcollection of the totality 
of topological spaces, each metric space (X,d) giving rise to 
its associated topological space (X, 5), as indicated in Fig- 
ure 11. We shall see that two distinct metric spaces (X, d) 
and (X, 4 may give rise to the same topological space (X, 3). 
Also there are topological spaces (Y, 5’), such as Example 7 
above, which could not have arisen from a metric space. 
The subcollection of topological spaces that arise from metric 
spaces is called the collection of metrizable topological spaces. 
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- metric spaces 


(x, d) (x, d’) 


Fugue if topological — 
spaces 


In passing from a metric space to its associated topological 
space, we may say that the “open” sets have been “preserved.” 


Definition 2.3 Given a topological space (X,3), a subset N of X is 
called a neighborhood of a point a Ε X if N contains an open set 
that contains a. 


This definition has been formulated so that a subset N of 
a metric space (X, d) is a neighborhood of a point a € X if and 
only if N is a neighborhood of a in the associated topological 
space. Thus, in passing from a metric space to a topological 
space, neighborhoods have also been “preserved.”’ 


Corollary 2.4 Let (X,35) be a topological space. A subset O of X is 
open if and only if O is a neighborhood of each of its points. 

Proof. First, suppose that Ὁ is open. Then, for each x € O, 
O contains an open set containing z; namely, O itself. Conversely, 
suppose Ὁ is a neighborhood of each of its points. Then for each 
x € O, there is an open set O, such that r ΕΞ Ὁ, C O. Consequently, 

0 - U:zeo 0, 

is a union of open sets and hence open. 
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Definition 2.5 Given a topological space (X,5), a subset F of X is 


called a closed set if the complement, C(/), is an open set. 


Exercises 


1. Let (Α΄, 5) be a topological space that is metrizable. Prove that 
for each pair a, ᾧ of distinct points of X, there are open sets ὁ 
and O, containing a and b respectively, such that O, (ἡ Ον = @. 
Prove that the topological space of Example 7 is not metrizable. 

2. Prove that for each set X, the topological space (XY, 2*) is 
metrizable. [Hint: See Exercise 2, Chapter II, Section 5.] 

3. Prove that the two metric spaces (R", d) and (R*, d’) give rise 
to the same topological space. 

4. Let (Y,3) be a topological space. Prove that @, X are closed 
sets, that a finite union of closed sets is a closed set, and that an 
arbitrary intersection of closed sets is a closed set. 

5. Let (Δ, δ) be a topological space that is metrizable. Prove that 
each neighborhood N of a point a € X contains a neighborhood 
V of asuch that V isa closed set. 


6. Prove that in a discrete topological space, each subset is simul- 
taneously open and closed. 


3 Neighborhoods and Neighborhood 
Spaces 


Theorem 4.9, Chapter II, in which are stated certain prop- 
erties of neighborhoods in a metric space, corresponds to a 
theorem in topological spaces. 


Theorem 3.1 Let (Δ΄, 3) be a topological space. 


NO. For each point x € X, there is at least one neighborhood 
N of zx. 
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N1. For each point 2 © X and each neighborhood Δ᾽ of x, 
ἘΝ. 

7 N2. For each point « Α΄, if N is a neighborhood of « and 
N\’ DN, then N’ is a neighborhood of 2. 

Ns. Foreach point  € X andeach pair Δ΄, M of neighborhoods 
of x, N Ὁ M is also a neighborhood of x. 

N4. For each point « © X and each neighborhood .V of x, 
there exists a neighborhood 0 of x such that Ὁ CV and O is a neigh- 
borhood of each of its points. 

Proof. For each point « € Α΄, X isa neighborhood of x, thus 
NO is true. Nl and N@ follow easily from the definition of neighbor- 
hood in a topological space. To verify V3, let NV, M be neighbor- 
hoods of x. ‘Then there are open sets 0 and 0’ such that Δ᾽ 0, 
MDO andre 0, z€O'. Thus, NOM contains the open set 
02 0’, which contains 2, and, consequently, N Q M isa neighbor- / 
hood of x. Finally, for a point « © Α΄, let N bea neighborhood of ze. 
Then N contains an open set Ὁ containing x. In particular, 0 Is a 
neighborhood of x and by Corollary 2.4, 0 is a neighborhood of each 
of its points. 


In a topological space, as in a metric space, we lay down 
the definition: 


Definition 3.2 For cach point x in a topological space CX, 5), the 
collection 9ῖς of all neighborhoods of x is called a complete system of 
neighborhoods at the point x. 

One may paraphrase the properties NO—N4 of neighborhoods in 
terms of the complete system of neighborhoods 9%. at the points 
τ: ΑΙ: 

No. For each x © X, 0. ¥ O; 

Nl. Foreach « © X and ΝΕ 9,27 € N; 

Ne. For each σὰ Χ and N € 9, if N’ D N then NE Mz: 

NS. Foreachz © X andN,MERU,NOME SR, 

N4. For each « Ε X and N ΕΞ 9, there exists an Ω € XN, such 
that Ὁ C N andO € %, for each y € 0. 


The proof of Theorem 3.1 was, in most respects, similar 
to the proof of the corresponding theorem in metric spaces, 
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Theorem 4.9, Chapter II. However, it was necessary to sup- 


ply a proof of Theorem 3.1 above, for in the proof of 4.9, 
Chapter II, use was made of the concept of open spheres, a 
concept which does not occur in a topological space. Though 
a comparison of these two theorems might lead one to believe 
that statements about neighborhoods that are true in a metric 
space are also true in a topological space, this is not always 
the case. We have seen (Theorem 4.10, Chapter IT) that in 
a metric space (X, d), given two distinct points x, y, there are 


neighborhoods N and M of x and y respectively, such that 


ΝῸ Μ - 06. This statement is false in many topological 
spaces. For example, let Y = {a,b}, a+b, and let 3 = 
[0, {a}, Y}, so that (Y, 3) is a topological space. ‘Then the 
only neighborhood of ὁ is Y. Thus, for each neighborhood 
N of a and each neighborhood M of δ, NO M=NQY = 
N # @. 


Definition 3.3 A topological space (X, 5) is called a Hausdorff space 
or is said to satisfy the Hausdorff axiom, if for each pair a, b of dis- 
tinct points of X, there are neighborhoods N and M of a and b 
respectively, such that N Ὁ M = @. 


Some authors use the term “separated space” instead of 
Hausdorff space. Most of the significant topological spaces 
are Hausdorff spaces. For this reason certain authors require 
a topological space to be a Hausdorff space and use the two 
terms synonymously; that is, they add to the list 01-04 of 
properties of open sets in the definition of a topological space, 
the property, for each pair 2, y of distinct points there are open 
sets O, and QO, containing x and y respectively, such that 
0.1 Oy = B. 

Suppose we have a metric space (X,d) and we discard 
the distance function, retaining only the neighborhoods of the 
points in X. Then for each point x € X, we have a collec- 
tion ϑῖς of subsets of X; namely the complete system of neigh- 
borhoods at x. These neighborhoods satisfy certain prop- 
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erties. We may select some of these properties and use them 
as a set of axioms for what we might naturally call a “neigh- 
borhood space.” 


Definition 3.4 Let Y be a set. For each x ΕΞ X, let there be given a 
collection 91, of subsets of x (called the neighborhoods of x), satisfying 
the conditions NO-N4 of Theorem 3.2. This object is called a 
neighborhood space. 


In a neighborhood space, the appropriate definition of 
open set is obtained from Corollary 2.4. 


Definition 3.5 In a neighborhood space, a subset ὁ is said to be open 
if it is a neighborhood of each of its points. 


It is important to realize that the mathematical object 
neighborhood space, although closely connected with the con- 
cept of a topological space, is a new object, and until we have 
defined the term open set in a neighborhood space, that term 
in a neighborhood space is meaningless. 


Lemma 3.6 In a neighborhood space, the empty set and the whole 
space are open, a finite intersection of open sets is open, and an 
arbitrary union of open sets is open. 

Proof. [Since we are concerned with neighborhood spaces, we 
may use only the properties ΝῸ-Ν 4 of neighborhoods and, of course, 
Definition 3.5 of open sets.] The empty set is open, for in order for 
it not to be open it would have to contain a point 2 of which it was 
not a neighborhood. Given a point 2, there is some neighborhood V 
of x, so by N@, the whole space is a neighborhood of x. Thus, the 
whole space is a neighborhood of each of its points and hence open. 
If O and O’ are open, then ὁ (ἡ 0’ is also open, for by NB, given 
: € O70’, O and Θ΄ are neighborhoods of x, hence so is 0 (ἡ θ᾽. 
Thus the intersection of two open sets is a neighborhood of each of 
its points, and, consequently, by induction, any finite intersection of 
open sets is open. Finally, suppose for each a € I, 0. is open. If 
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« © User Ou, then x ΕΞ Ogforsome8 ΕΞ 1. But Osisa neighborhood 
of x and Og C Uaer Oa, thus by N2, User O. is a neighborhood of » 
and is therefore open. 


If we start with a topological space and define neighbor- 
hoods by Definition 2.3, Theorem 3.1 tells us that the under. 
lying set and the complete systems of neighborhoods of he 
points of the set yield a neighborhood space. On the other 
hand, if we start with a neighborhood space and define open 
sets by Definition 3.5, Lemma 3.6 tells us that we obtain 1 
topological space. Suppose then, we have a topological space 
(X, 3), use the neighborhoods of (X, 5) to form a neighborhoc 1 
space, and finally use the open sets in this neighborhood space 
to create a topological space (X, 5). Do we end up with our 
original topological space (X,5)? The answer is yes. To 
prove this result we must show that 5 = σ΄. Now, if O is an 
open set in our original topological space, that is, Ὁ 6 3, by 
Corollary 2.4, O is a neighborhood of each of its points, from 
which it follows that O is an open subset of the neighborhood 
space and hence 0 € x’. Conversely, if O ΕΞ 3’, then in the 
neighborhood space, ὁ) is a neighborhood of each of its points. 
But the neighborhoods of the neighborhood space we have 
created are the neighborhoods of (X,3), so that again by 
Corollary 2.4, O is open in (X,3) or OE 3. Thus 3 = 7’. 

Logically, it would still be possible for there to be neigh- 
borhood spaces that did not arise in this manner from Lopolog- 
ical spaces. We shall now show that there are none. ΤῸ do 
so, we need a characterization, in a neighborhood space, of 
neighborhoods in terms of open sets. 


Lemma 3.7 In a neighborhood space, a subset N is a neighborhood 
of a point 2 if and only if N contains an open set containing x. 
Proof. First, let N contain an open set O containing «. By 
Definition 3.5, O is a neighborhood of x, whence, by V2, N isa neigh- 
borhood of x. Conversely, if NV is a neighborhood of x, then by NA, 
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N contains a neighborhood O of x (and by N1, O contains x), such 
that O is a neighborhood of each of its points. 


To denote a neighborhood space, let us use the symbol 
(X, 2), where for each x € X, %, is the collection of neighbor- 
hoods of z. Now suppose that we start with a neighborhood 
space (X, 91). We define open set in (Δ΄, 91) by Definition 3.5, 
thus obtaining a topological space (X, 5). In the topolog- 
ical space (X,5) we define neighborhood by Definition 2.3 
to obtain a neighborhood space (X,%’). Under these cir- 
cumstances, if N € 9ῖ,, by Lemma 3.7, Ν contains an open 
set O containing x, so that by Definition 2.3, N is a neighbor- 
hood of # in (X, 3), or N € %,. Conversely, if N € δῖ, then 
by Definition 2.3, N contains a set Ὁ € 5, and σὰ Ὁ. Since 
0 € 3, O is open in the neighborhood space (Δ΄, 91) and so by 
Lemma 8.7, N is a neighborhood of x. Thus, for each a € X, 
x, = 9U,, and the two neighborhood spaces are the same. 

Collecting together the results on the correspondence 
between topological spaces and neighborhood spaces, we have: 


Theorem 3.8 Let neighborhood in a topological space be defined by 
Definition 2.3 and open set in a neighborhood space be defined by 
Definition 3.5. Then the neighborhoods of a topological space (X, 5) 
give rise to a neighborhood space (X, 50) = @(X, 5) and the open 
sets of a neighborhood space (Y, 517) give rise to a topological space 
(Y,3’) = ΑἿΥ, 51). Furthermore, for each topological space (X, 3), 
(Χ, 5) = @’(@(X, 5), 
and for each neighborhood space (Δ΄, 91), 
(X,N) = a(@'(X, 90)), 
thus establishing a one-one correspondence between the collection of 
all topological spaces and the collection of all neighborhood spaces. 


Theorem 3.8 justifies the specification of a topological 
space by defining for a given set X what subsets of X are to 
be the neighborhoods of a point « € X; that is, by specifying 
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the corresponding neighborhood space. For example, let X be 
the set of positive integers. Given a point n € X and ἃ sub- 


set U of Α΄, let us call U a neighborhood of n if for each integer 


m2n,mCU. We must then verify that these neighbor- 
hoods satisfy conditions NO-N4 so that we have a neighbor- 


hood space and consequently a topological space. The reader 


should verify that this corresponding topological space is the 
one described in Example 7 of Section 2. 


Exercises 


1. Define a co-topological space to be a set Y and a collection δ 
of subsets of Y such that @ and X are in 5, a finite union of 
sets in ¥ is again in S, and an arbitrary intersection of sets in ¥ 
isalsoin ¥. Call the elements of F closed sets. Prove a theorem, 
similar to Theorem 3.8, about the relationship between top- 
ological spaces and co-topological spaces. 


2. Given a real number 2, call a subset N of R a neighborhood of αὶ 
if y = x implies y ΕΞ N. Prove that this definition of neighbor- 
hood yields a neighborhood space. Describe the corresponding 
topological space. 

8. Given a real number 2, call a subset N or R a neighborhood of a 
if N contains the closed interval [z,a-+- 1]. Prove that the 
neighborhoods so defined satisfy NO-N3, but not N4. Use the 
Definition 3.5 of open set anyway, and determine which subsets 
of R will be open. 

4. Ina neighborhood space, a collection ὦ, of neighborhoods of a 

point x € YX is called a basis for the complete system of neighbor- 

hoods at x, or simply a basis for the neighborhoods at x, if, for each 
neighborhood N of x, there is a neighborhood U € @, such that 


UCN. 


Prove that for each point « ΕΞ X, if @, is the collection of open 
sets containing x, then @, is a basis for the neighborhoods at 2. 


Prove that if for each point « € X, ὥς is a basis for the 
neighborhoods at 2, then: 
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BNO. For each x € X, 8: γέ Ὁ. ἢ 
BN1. For each σα X and U € @,, x EU : 
BN2. Foreachz € X and U,V € ὦ,, U CQ V contains an 
lement W € @,; ᾿ 
Ἷ RNS. For each « Ε X and U € ὦ; there isan 0 C U such 
that « Ε O and for each y € O, O contains an element V, € ὅν. 


Define a basic neighborhood space to be a set X and for each 
re re collection Ad subsets of X satisfying BNO-BN 9, “a 
a basie neighborhood space (Α΄, @) define a subset N of X to bi 
a neighborhood of a point « € X, if N τῇ U for some U € @x. 
Prove that the neighborhoods of a basic neighborhood space 
vield a neighborhood space. (Thus a topological space may a 
constructed by specifying for each point 2 a basis Οὺς of the 
neighborhoods at 2 satisfying BNO-BNS.) The correspondence 
between basic neighborhood spaces and neighborhood spaces is 
many-one, since there are many different bases for the neighbor- 
hoods at a point in a neighborhood space. However, prove ae 
if (Δ, ®) and (X, 6’) are two basic neighborhood spaces, t τ 
they give rise to the same neighborhood space if and only if for 
each point © X we have | 

(i) given U Ε @,, there isa U' € Ως with ΠΤ ς U, and 
(ii) given V’ © Ὅς, there isa V € ὥς with VC V’. 
Also prove that starting from a given neighborhood space (X, I), 
if for each x € X, @, is a basis for the neighborhoods at 2, then 
the neighborhood space that arises from the basic neighborhood 
space (X, ®) is (X, %). 


4 Closure, Interior, Boundary 


In a metric space, given a point x and a subset A, we can say 
that there are points of A arbitrarily close to a if d(x, A) = Q. 
In a topological space, we can also find a characterization of 
“arbitrary closeness.” To indicate the proper translation from 
metric spaces to topological spaces of this concept, let us first 
prove: 
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Lemma 4.1 In a metric space (X,d), for a given point 2 and a given 
subset A, d(x, A) = 0 if and only if each neighborhood N of x con. 
tains a point of A. 


Proof. First, suppose that each neighborhood N of x contains 
a point of A. In particular, for each ε > 0, there is a point of A in 
S(z;<). Thus να Ὁ. (d(x, a)} < for each ¢ > 0 and consequently 


d(z, A) = Lub. (d(x, a)} = 0. Conversely, suppose that there is a 
aeaA 


neighborhood N of x that does not contain a point of A. Since V 
is a neighborhood of x in a metric space, there is an ¢ > 0 such that 
S(a;2) CN. It follows that a Ε A implies that (απ, αὐ ><. Th 5 
d(x, A) 2 ες. 


We shall, therefore, in a topological space, say that the 
points of a subset A are arbitrarily close to a given point 2, 
if each neighborhood of 2 contains a point of A. Given a 
subset A, the collection of points that are arbitrarily close to 
A is called the closure of A. 


Definition 4.2 Let A be a subset of a topological space. A point 
is said to be in the closure of A if, for each neighborhood N of a, 
N(\A #@. The closure of A is denoted by A, 


The purpose of the next two lemmas is to provide a descrip- 
tion of the closure of a subset in terms of closed sets. 


Lerma 4.3 Given a subset A of a topological space and a closed set ἢ 
containing A, 
Ἄς Υ . 
Proof. Suppose x ¢ F, then z is in the open set C(F). Also, 
KD A implies C(F) C C(A). Thus, C(F) Ἢ Α = @. Since C'(F) is — 
a neighborhood of x, x αἱ A. We have thus shown that C(F) C C(A) 
or AC F. 


Lemma 4.4 Given a subset A of a topological space and a point 
« ¢ A, then x ¢ F for some closed set F containing A. | 
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| ere i ieigh d and hence an 

Proof. If « ¢ A, then there is a neighborhoo β 
open set O containing x such that O() A =@. Let F = C(O). 
Then F is closed and F = C(O) DA. But σεῦ and therefore 


ZF. 


Combining these two lemmas, we obtain, 


Theorem 4.5 Given a subset A of a topological space, 
A - (Veer F oy 
where (Fa)acr is the family of all closed sets containing A. 


| ! i - Fa for each 
Proof. By Lemma 4.3, A C (cer Fa since AC ὦ 
αᾷξ I. o εἴς 4.4. 2 Ε F, for each a € I implies that ὦ € A, 
or Noe Fa GC A Thus, A= ect Fa. 


Frequently, in introducing the concept of closure of a 
subset, the characterization of closure given by Theorem 4.5 
is used as a definition and the statement embodied in our 
definition, 4.2, is then proved as a theorem. Another pos- 
sible description of the closure A of a subset A, is the char- 
acterization of A as the smallest closed set containing A. For, 
on the one hand, A is contained in each closed set containing 
A, whereas on the other hand, A, being the intersection of 

is itself a closed set. | 
eae do 4.5 is the characterization of closure in terms of 
closed sets. The next theorem characterizes closed sets in 


terms of closure. 


Theorem 4.6 44 is closed if and only if A = A. 
el hat A i if A = A, then A 
Proof. We have just seen that A is closed, so if A » the 
is ine Conversely, suppose A is closed. In this event A itself 
is a closed set containing A, so, therefore, A C A. On the pt 
hand, for an arbitrary subset A, we have A C A, for if « € A, then 


each neighborhood N of x contains a point of A; namely z itself. 


Thus, if A is closed, A = A. 
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The act of taking .the closure of a set associates to each 
subset A of a topological space a new subset A. This cor- 
respondence or operation on the subsets satisfies the following 
five properties: 


Theorem 4.7 In a topological space (Y, 5), 

Cli. @=@; 

Cl2. XY =X: 

CL3. For each subset A of XY, A C A: 

614. For each pair of subsets 4, B of XY, AUB = AUB; 

CL5. For each subset A of X, A = A. 

Proof. ‘The property CL3 has been established during the proof 
of Theorem 4.6. Note that CZ2 follows from CL3. ΟἿ is true, 
for given a point « © X and a neighborhood of N of x, Δ Ω @ = @; 
thus there are no points in ὦ. To prove CL5 we note that A is 
closed, so, applying Theorem 4.6 to A we have A = A. It remains 
for us to prove CL4. Suppose x € A, then each neighborhood 
N of x contains points of A and hence points of AUB. Thus 
ACAUB. Similarly, B C AUB, and, consequently, AU BC 
AUB. On the other hand, ACA and BCB, so AUBC 
AUB. Thus, AU B is a closed set containing A U B, whence 
AUBCAUB. 


One may use the properties CLI-CL5 as a set of axioms 
for what we will call a closure space and then prove that there 
is a “natural’’ one-one correspondence between the collection 
of topological spaces and the collection of closure spaces. We 
shall outline the details of this procedure. 


Definition 4.8 Let XY be a set. To eich subset A of YX let there be 
associated a subset A of X, called the closure of A, satisfying the 
properties CL1-CL5. The set Y together with this set operation of 
closure is called a closure space. ᾿ 


Definition 4.9 In a closure space a subset A is said to be closed if 
A= A, 
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Lemma 4.10 In a closure space, A C B implies ACB. 
Proof. If AC B, then AU B = B. Thus 
ο΄ AUB=ZUB=B, 
whence A C B. 


Theorem 4.11 In a closure space, the empty set and the whole space 
are closed. A finite union of closed sets is closed and an arbitrary 


intersection of closed sets is closed. 

Proof. ‘The first three parts follow from CL1, CL2, and CL4, 
respectively. Finally, if for each a € J, F., is a closed set so that 
F. = F., we have (cer Fa C Fs for each 8 € I whence by Lemma 
4.10, Dect Fa C Τῷ = Fs and therefore Neer Fa C Macr Fa. But 
by CL8, QeerFaC Neer Fa. Thus, Meer F, = (cer F. and 
act Fa 18 closed. 


Corollary 4.12 If, in a closure space, a subset is called open provided 
its complement is closed, the open sets constitute a topology. 


Theorem 4.13 In a closure space, for each subset A, 
A= (\eer ἕω 
where (F.)acr is the collection of all closed subsets containing A. 
Proof. By CL5, Ais closed and by CL3, ADA. ThusdA = F; 
for some 8 EI and (\ccr Fa C A. But for each a€ I, A C Pes 
and by Lemma 4.10, this implies that for each α € J, ACF, = Fa. 
Thus, A ς (\eer F ae 


Now, suppose we start with a topological space (2, 3). 
By Theorem 4.7 this yields a closure space. By Theorem 4.6 
the closed subsets of the topological space are precisely the 
same as the closed subsets of the closure space, hence the 
same is true of open sets. It follows that the closure space 
we have constructed gives rise to the original topological 
space (X,3). On the other hand, had we started with a 
closure space and by virtue of Corollary 4.12 defined a top- 
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ological space, then by comparing Theorems 4.5 and 4.13 we 
see that the closure operation is the same in both spaces; 
that is, the topological space gives rise to the original closure 
space. 

In a topological space, we have seen that the closure of a 
subset A is the smallest closed set containing A. Another 
significant subset associated with A is the “interior” of A, 
which, as we shall see, is the largest open set contained in A, 


Definition 4.14 Given a subset A of a topological space, a point x is 
said to be in the interior of A if A is a neighborhood of x. The in- 
terior of A is denoted by Int (A). 


Lemma 4.15 Given a subset A of a topological space and an open set 
O contained in A, 


0 C Int (A). 


Proof. If x © O, then A is a neighborhood of 2, since Ὁ is 
open and 0 C A. Thus z ΕΞ Int (A) and ὁ C Int (A). 


Lemma 4.16 Given a subset A of a topological space, if x ΕΞ Int (A), 
then x € O for some open set Ὁ C A. 


Proof. If « € Int (A), then A is a neighborhood of x, whence 
A contains an open set O containing 1. 


In much the same manner in which Lemmas 4.3 and 4.4 


combine to yield Theorem 4.5, Lemmas 4.15 and 4.16 combine 
to yield: 


Theorem 4.17 Given a subset A of a topological space, 


Int (A) = User On, 
where (O.)acr is the family of all open sets contained in A. 


Thus, Int (A), being the union of open sets, is itself open, 
and is the largest open set contained in A. Furthermore, if 
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8 tained in a given set A, 
_cr is the family of open sets containe is 
oe (C(O) )aer is the family of closed sets containing C(A). 


Thus: 
Theorem 4.18 C (Int (A)) = CA). 
corollary 4.19 Int (A) = C(C(A)), C(A) = Int (C(A)). 


For a given subset A, the set of points that are arbitrarily 
close to both A and C(A) is called the “boundary” of A. 


Ἔ | of logical space, a point 2 is 

ition 4.20 Given a subset A of a topo on 
aaa in the boundary of A if x is in both the closure = A ee Ὁ" 
closure of the complement of A. The boundary of A is deno y 


Bdry (A). 


Thus, Bdry (A) = 4M T(A). It follows that A and C(A) 
have the same boundary, for Bdry C(A) = Cd) γὰ ΓΟ) = 
TA) (VA. In terms of the definition of the closure ae wie 
we have the statement that a point ἃ is in the crm ted: ᾿ τὰ 
A if and only if each neighborhood N of x — ἐς P ᾿ 
of A and points of the complement of A. Since the boundary 
of A is the intersection of two closed sets: 


Corollary 4.21 For each subset A, Bdry (A) is closed. 


Theorem 4.22 A = A U Bary (A). ᾧ a 

Proof. Clearly, A CA and Bdry (A) C A one ne 3 
Bdry (A) U A. Now, suppose ὦ <A. Either : ; δι Ἢ 
In the event that ZA, ie, ΣῈ C(A), 2 © C(A), w “ri iy 
Bdry (A) = AN ΤΑ). Thus, in either case 2 EAU Bary (- 
and A C A U Bary (A). 
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Theorem 4.23 Let A be a subset of a topologi i 
: a topological space. A is closed 
if and if Bdry (A) i i 
ΡΝ only if Bdry (A) C A. A is open if and only if Bdry (A) C 
Proof. If A is closed, Bdry (A) C A= A 

: = A. Conversely, if 
με (4) C A, then A - A \) Bdry (A) = A, whence A is a 
Applying what we have just proved to the set C(A), C(A) is closed 
if and only if Bdry C(A) C C(A). But Bdry C(A) = Bdry A. Thus 
A is open if and only if Bdry A C C(A). | 


Exercises 


1. A family (Aa)acr of subsets is said to be m isjoint if f 
amuly (Aa)ae > mutually disjoint if f 
each distinct pair 8, y of indices As () A, = @. Ac ‘ed fel 
ey subset A of a topological space (X,3), the three sets 
ἽΝ (A), Bdry (A), and Int (C(A)) are mutually disjoint and that 
= Int (A) U Bdry (A) U Int (C(A)). 
2. Ina metric space (X, d), prove that for each subset A: 
(a) «x € A if and only if ἀ(α, A) = 0; 
(Ὁ) a € Int (A) if and only if d(x, C(A)) > 0; 
(ec) τ € Bdry (A) if and only if 
d(z,A)=0 and d(z,C(A)) = 0. 
3. In the real line, prove that the boundar | 
δ, dary of the open interval 
(a, 6) and the boundary of the closed interval [a, blis Ἢ δ. 
4. In R* with the usual topology, let : oa 
gy, let A be the set in = 
(21, 22, ...,2n) such that μοὶ 
ait a+... +2251. 
Prove that Bdry (A) is the (n — 1)-dimensi 
| - ional sphere S*-, i.e. 
x € Bdry (A) if and only if αἵ + 23 +...+ alg “ 
5. In ἢ with the usual topology, let A be the set of points 
x = (αι, Ze,. ~~, ὅκα) such that ρα = 0. Pro : 
gE to aye pd cont n+l ve that Int (A) 
6. In a topological space, each of the ter ; 
: ; | e terms open sel, closed set, 
neighborhood, closure of a set, interior of a set, beamdiey of a set, 
may be characterized by any other one of these terms. Con- 
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struct a table containing the thirty such possible definitions or 
theorems in which, for example, the entry in the row labelled 
interior and the column labelled open set is the characterization 
of interior in terms of open sets (Theorem 4.17), ete. 

y. Let A be a subset of a topological space. Prove that Bdry (A) 
= @ if and only if A is open and closed. 

8. Asubset A of ἃ topological space (X, 5) is said to be dense in X 
1 -- X. Prove that if for each open set Ο we have A (ἡ 0 # 0, 
then A is dense in X. 

9. The “rational density theorem” for the real line states that 
between any two real numbers there lies a rational number. 
Use the rational density theorem to prove that the rational 
numbers are dense in the real line. 

0. The “Archimedean principle” for the real line states that if 
c, d > 0 then there is a positive integer N such that Ne > d. 
Prove the Archimedean principle for the real line and use this 
principle to prove the rational density theorem for the real line. 


5 Functions, Continuity, 
Homeomorphism 


Definition 5.1 A function f from a topological space (X, 3) to a top- 
ological space (Y, 3’) is a function f:X — F. 


If f is a function from a topological space (Χ, 5) to a 
tovological space (1, 3°) we shall write f:(X, 3) — (Y, 9). 
In the event that the topologies on X and ¥ need not be 
explicitly mentioned, we may abbreviate this notation by 
f:X — ¥ or simply f. 


Definition 5.2 A function f:(X, 3) - (Y, 57 is said to be continuous 
at a point a €_X if for each neighborhood N of f(a), f-'(Y) is a neigh- 
borhood of a. f is said to be continuous if f is continuous at each 
point of X. 
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Let (X, d) and (Y, d’) be metric spaces and let their asso- 
ciated topological spaces be (X,5) and (Y,3’) respectively, 
Given a function f from the first metrie space to the second, 
we also have a function, which we still denote by f, from the 
first topological space to the second. Our definition of con- 
tinuity has been formulated so that for each point a € X, the 
function f:(X,d) — (Y,d’) is continuous at a if and only if 
ΓΞ (Αἴ, 3) — (¥, 0’) is continuous at a. 


Theorem 5.3 A function f:(X, 5) — (Y, 3’) is continuous if and only if 
for each open subset O of Y, f-'(O) is an open subset of X. 

Proof. First, suppose that f is continuous and that 0 is an open 
subset of Y. For each a € f-(O), O is a neighborhood of f(a), 
therefore f-(0) is a neighborhood of a. Since f-'(O) is a neighbor- 
hood of each of its points, f-'(0) is an open subset of X. Conversely, 
suppose that for each open Subset O of Y, f-'(O) is an open subset of 
X. Let a€ X and a neighborhood N of f(a) be given. N contains 
an open set O containing f(a), so by our hypothesis, f(N) contains 
the open set f~'(O) containing a. Thus, f-(N) is a neighborhood of a 
and f is continuous at a. Since a was arbitrary, f is continuous. 


It is important to remember that Theorem 5.3 says that a 
function f is continuous if and only if the inverse image of 
each open set is open. This characterization of continuity 
should not be confused with another property that a function 
may or may not possess, the property that the image of 
each open set is an open set (such functions are called open 
mappings.) There are many situations in which a function 
f:(X, 5) - (¥, 5’) has the property that for each open sub- 
set A of X, the set f(A) is an open subset of Y, and yet f is 
not continuous. For example, let Y be a set containing two 
distinct elements a and ἢ and let each subset of Y be an open 
set. Define f:R — Y by f(x) = a for x = 0 and f(z) = b for 
«<0. Then for each open subset O of R, f(O) is an open 
subset of Y, whereas f is not continuous at 0 € R, for {a} is a 
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neighborhood of f(0) whereas f-({a}) is not a neighborhood 
of 0. 


rheorem 5.4 A function f:(X, 5) > (Y, 57) is continuous if and only 
‘f for each closed subset F of Y, f*(/) isa closed subset of X. 

Proof. F is closed if and only if C(F) is open. τὰ ΓΕ )) ἢ 
C(f-(F)). Therefore f is continuous implies that f(C(F)) 1s Lom 
whenever F is closed, or that f-(F) is closed. Conversely, if for 
each closed subset F of Y, f-(F) is a closed subset of X, then, = 
an open subset O of Y, f-(C(0)) = C(F"(O)) 1s closed, hence 
{ 10. is open and f is continuous. 


Theorem 5.5 f:(X,5) — (Y, 3’) is continuous if and only if for each 


subset A of X, 
f(A) C f(A). 

Proof. First, suppose that f is continuous. For each ae A of 
X,ACf“({(A)). Now f(A) C f(A), and therefore A CL) 
C f-\(F(4)). But f(A) is closed and since f is continuous, ΓΟ. 
is closed. Thus f~'(f(A)) is ἃ closed set containing A, whence 


A ς f(f(A)), 

from which it follows that f(A) C 7" f(A) = f(A). Con- 
versely, suppose that for each subset A of X, f(A) c f(A). τ 
F be a closed subset of Y. To show that f is continuous 1t sul- 
fices to show that f-!(F) is closed; that is, f(F) = pF). By our 
hypothesis 7010) C fg) = A=F. Thus (applying f-' to 
this last relation) ἘΠ  - ΓΟ Ὁ Cf). On the other 
hand, f-(F) C ΓΕ, so that f-'\(F) = FC) and f is continuous. 


Theorem 5.6 Let f:(X, 3) — (Y, 5’) be continuous at a point ας X 
and let g:(Y¥,3/) — (Z, 55) be continuous at f(a). Then the com- 
posite function αἵ: (Δ΄, 5) > (Z, 3”) 1s continuous at a. 

Proof. Let N be a neighborhood of (gf )(a) = g(f(a)). Then 
(gf 7(N) = fOQg7(N)). But γε (Δ isa neighborhood Nie ΠΝ 
4 is continuous at f(a), and therefore Γι Δ) is a neighborhood ὁ 
a, since f is continuous at a. 
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The equivalence relation that is appropriate to topological 


spaces is called homeomorphism. 


Definition 5.7 Topological spaces (XY, 3) and (Y, 3’) are called homeo- 


morphic if there exist inverse functions f:X — Κ and g:¥Y -ο Χ 
such that f and g are continuous. In this event the functions f and 


g are said to be homeomorphisms and we say that f and g define a 


homeomorphism between (X,5) and (Y, 3’). 


The following easily verified corollary to this definition 
indicates that homeomorphism is the translation from metric 
spaces to topological spaces of the concept of topological 
equivalence. 


Corollary 5.8 Let (X,d) and (Y,d’) be metric spaces. Let (X,3) 
and (Y,5’) be the topological spaces associated with (X,d) and 
(Y, 4) respectively. Then the metric spaces (X,d) and (Y, d’) are 
topologically equivalent if and only if the topological spaces (XY, 5) 
and (Κ᾽, 3’) are homeomorphic. 


Theorem 5.9 A necessary and sufficient condition that two topological 
spaces (X,3) and (Y,3') be homeomorphic is that there exist a 
function f:X — Y such that: 

1. f is one-one; 

2. f is onto; 

3. A subset O of X is open if and only if f(Q) is open. 


Proof. Suppose that (X, 3) and (Y, 3’) are homeomorphic. Let 
the homeomorphism be defined by inverse functions f:¥ — Y and 
g:¥ +X. fis invertible and consequently one-one and onto. Fur- 
thermore, given an open set O in X, the set f(0) = g—(O) is open 
in Y, since g is continuous. On the other hand, if 0’ is an open sub- 
set of Y, then Ὁ = f-'(0’) is open in X and f(O) = 0’. 

Now, suppose that a function f: ¥ —> Y with the prescribed prop- 
erties exists. Then /f is invertible and we define g: Y — X by g(b) = a 
if f(a) = ὃ, so that f and g are inverse functions. If Ὁ is an open 
subset of X, then f(0) = g~(O) is open in Y, so that g is continuous. 
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Also, if O’ is an open subset of Κ᾽, then f-(0’) = O is an open subset 
of X and f is continuous. 


Exercises 


1. Let X be an arbitrary set. Prove that the identity mapping 
i:(X, 2) -- (X, (0, X}) 
is continuous. Prove that if X has more than one distinct ele- 
ment, then the identity mapping 
i:(X, (0, X}) > (X, 2%) 


is not continuous. 
2. Let X be an arbitrary set. Prove that the identity mapping 
in(X,3) -ὁ (X,7) 
is continuous if and only if 3’ C 3. 
3. Prove that a function f:(X, 3) — (Y, 9) is a homeomorphism if 
and only if 
(i) fis one-one; 
ii) f is onto; τ 
ἣν For each point z € X and each subset N of X, δ is a 
neighborhood of x if and only if f(NV) is a neighborhood of f(z). 
4. Let f:(X,3) - (Κ΄, 57 bea homeomorphism. Let a third top- 
ological space (Z, 3’) and a function h: (¥, 3’) ue (Z, 3 ) be 
given. Prove that h is continuous if and only if hf is continuous. 
Let another function k:(Z, 3”) — (X 5) be given. Prove that k 
is continuous if and only if fk is continuous. 
Prove that the function f:R— R defined by f(z) = sin x 1s 


. , ,. 6 --᾽;ἂ α Τα 
continuous. | Hint: δίῃ a — sin αἱ = 2|sin > ~~ (05 "ΠΟ 


oo 


and 


a—z|_\|a—2z 
g Ξ ᾷ 
f((a, b)) is not an open interval. 


| Find an open interval (a, ὃ) such that 


sin 
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6 Subspaces 


Definition 6.1 Let (X,5) and (¥,5’) be topological spaces. The 

topological space Y is called a subspace of the topological space Α΄ 7 

Υ C X and if each open subset 0’ of Y is of the form 7 
Om OY 

for some open subset 0 of X. 


In the event that Y is a subspace of X, we may say that 
each open subset ὁ" of Y is the restriction to Y of an ope 1 
subset O of X 7 A subset O’ that is open in Y is often called) 
relatively open mn Y or simply relatively open. A subset ὁ of αὶ 
that is nari X and is contained in Y is necessarily relatively 
open in Y, but the relatively open subsets of Y i | 
pate or fa pe s of Y are in general 

We shall now prove that there are as many subspaces of 
a topological space X as there are subsets Y of X, 


ae ἫΝ αν Let ἐπ ᾿ " be a topological space and let Y be a sub- 

of Χ. ne the collection 3’ of subset the ‘ 

of subsets O' of Y of the form of subsets of Y as the collection 
=O Y, 


where ΟΕ 5. Then (Y,3) is a topologi pees cots δ᾿ 
subspace of (XY, 3). ) 8. 8 of ogical space and therefore a 


Proof. We must prove that J’ isa topology. ὦ Ξ- ὁ (ἡ Y and 
" mei Y arein3. Supposéthat Οἱ, 05, ...,0%, € 3’, so that for 
= 1, Byes ey Ἦ, 
Οἱ -- Οὐ ΓἋ FY 


for some Ὁ, Ε 5. Then 
OV 021)... On = (Οὐ, ἢ... Οὐ AY 


is in 3’, since 0; (Ὁ Oc)... (ἡ On is open in - ee 
Π fi pen in A. F ll i 
that for each a € 1,0, Ε σ΄. Thus, for each a Ε Ams y, suppose 


6,-0.1 F 
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for some O, Ε 5. But 


Veer θὰ = User (0. 1\ Y) = (Weer Oa) VY 


᾿ς in 5’, since User Oa is open in x. 


Given a subset Y of a topological space (X, 5), the top- 
ology 3’ of Y described in the above proposition is said to be 
induced by the topology 3 on X and is called the relative 
topology on Y. The neighborhoods in this relative topology 
on Y are called neighborhoods im Y or relative neighborhoods. 
The following result states that the neighborhoods in Y are 
the restrictions of the neighborhoods in X. 


Theorem 6.3 Let Κ᾽ be a subspace of a topological space X and let 
«ΕΥ̓͂. Then a subset N’ of Y isa relative neighborhood of a if 
and only if 
N= N/\Y, 

where N is a neighborhood of a in X. 

Proof. First suppose N’ is a relative neighborhood of a. Then 
N’ contains a relatively open set θ΄, which contains a. Let Θ΄ = 
O07) Y, where O is an open subset of X. Then N = N’U O is 
a neighborhood of a Ἢ x and NAY = VON) Y=NU 
(ONY) =N"'. Conversely, suppose N’ = N ἢ Y, where N is a 
neighborhood of a in X. Then N contains an open set Ὁ containing 
a and hence N’ contains the relatively open set 0! =O(\Y con- 
taininga. Thus N’ isa relative neighborhood of a. 


Example 1 The closed interval (a,b) of the real line with induced 
topology is a subspace of the real line. A relative neighborhood of 
the point a is any subset N of [a, ὃ] that contains a half-open in- 
terval [a,c), where a < ὁ and fa, c) is the set of all real numbers 2 
such that aSar<ce. Similarly, a relative neighborhood of the 
point b is any subset ΔΙ of [a, δ} that contains a half-open interval 
(c, b], where ὁ < b and (¢, b| is the set of all real numbers 2 such 
thate <rsb. Ifdis such that a « d < 6, then a relative neigh- 
borhood of d is any subset U of [a, b| that is a neighborhood of d 
in the real line R. 
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Example 2 Let 4 be the subset of R**+ consisting of all points z = 


(αι, %2,...,2%n41) such that 2,4; = 0. Let R** have the usual to- 


pology and let A have the induced topology so that A isa subspace 
of τι, The topological space A is homeomorphic to R*. To prove 


this fact we shall use the result that the relationship of subspace is 
“preserved” in passing from metric spaces to topological spaces. 


Lemma 6.4 Let (X, d) be a metric space and let (Y,d’) bea subspace 
of (X,d). If (X,5) is the topological space associated with (X, d) 
and (Y,3’) is the topological space associated with (Y, d'), then 
(Y, 3’) is a subspace of (X, 5). 

Proof. By Theorem 9.5, Chapter IT, a subset O’ of the metric 
space (Y, d’) is open if and only if there is an open subset O of the 
metric space (X,d) such that ΘΟ’ = O() Y. Thus, the topology 3 
on F consists of the restriction to Y of the open sets O € 3, and 
(Y, 3’) is a subspace of (X, 5). . 

Returning to our example, we define f:R"— A by setting 
S (Gas Sty. +» La) = (Ny, Ms. say 0). It is easily verified that 
f is one-one, onto, and that the inverse of f is the function g:A -- ἢ" 
defined by g(a, t2,...,2n,0) = (x1, 22,....., rn). If we first con- 
sider f and g as functions defined on the metric spaces (R",d) and 
(A, d’), where (A, d’) is a subspace of (R"*!, d), then clearly f and g 
are continuous. It follows that f and g are continuous functions 
defined on the topological spaces R" and A, where A is considered as 
a subspace of R**'!, and that they therefore define a homeomorphism. 


Given a subspace (Y, 3’) of a topological space (X, 5), the 
closed subsets of the topological space (Y, 3’) are called rela- 
tively closed in Y or simply relatively closed. Again, the rela- 
tively closed subsets are the restriction to Y of the closed 
subsets of Α΄. 


Theorem 6.5 Let (Κ΄, 3’) be a subspace of the topological space (X, 3). 
A subset F’ of ¥ is relatively closed in Y if and only if 


F’=FOY, 
for some closed subset F of X. 
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i i Cy(F’) is 
Proof. First, suppose F’ is relatively closed. Then Cy 
sie open. Thus, Cy(F’) = O07) Y, where O sie" "" τὰ 
But then F’ = Cy(O0NM Y) = Cy(0) = Cx(0) BE? cee ὙΠῸ ᾿ 
a closed subset οἱ X. Conversely, suppose ἢ" = : ry Ww 2 εἰ ᾿ 
closed subset of X. Then, Cy(F') a Cx(F) ΓᾺ " κερὰ Y 
relatively open in Y and therefore F” is relatively closed. 


i = fa, Ὁ] U (e, d) be consid- 
le3 Lett a<b<c<d. Let ¥ = [α, i 
nal μὴ a subspace of the real line. Then the subset [a, b} ae is 
both relatively open and relatively closed. To prove this τ we 
note that [a, Ὁ] = [a, Ὁ} (Ἃ Y so that fa, 0] is ly eg a = 
| 2 ot a, - 
-O<e<cc—b), [a,b] = (α -,εὐὖ Ἐ 9 ἢ 80 
aa τ ΚΑ. Since (c,d) is the complement in Y of a pains! 
onl and relatively closed subset of Y, (¢, d) is also relatively open an 
relatively closed in Y. 


Theorem 6.6 Let the topological space Y be a subspace of the top- 
ological space X. Then the inclusion mapping 7: ¥ — X is con- 
tinuous. ; 
ys = Y. Thus, if 0 
each subset A of X, 4) At) 
is Εν sath of X, i(0) = 0 1X is a relatively open subset 


of Y. 


i Y is a subspace of X and Z is a subspace of Y, then Z is a 
subspace of X. 


2. Let O be an open subset of a topological space x 7 Prove that 
a subset A of O is relatively open if and only if it is an open 


subset of X. 


ica X. Prove that a 
3. F be a closed subset of a topological space ἃ 
; pone A of F is relatively closed if and only if it 1s a closed subset 


of X. 
4. Prove that a subspace of a Hausdorff space 18 a Hausdorff space. 
5. Prove that a subspace of a metrizable space is a metrizable space. 
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6. Prove that an open interval (a, 6) considered as a subspace of | he 
real line is homeomorphie to the real line. 


7. Let Y be a subspace of XY and let A be a subset of Κ΄. Denote 
by Intx (4) the interior of A in the topological space Y and hy 
Inty (A) the interior of A in the topological space Y. Prove thaj 


Intx (4) C Inty (A). Illustrate by an example the fact that in 


general Inty (A) ¥ Inty (.1). 


8. Let _ be a subspace of Y and let A be a subset of Y. Denote 
by A* the closure of A in the topological space X and by AY 


the closure of A in the topological space Y. Prove that A” C AX, 
Show that in general AY + 21%, 


7 Products 


Throughout this section let (Au, 5, (ὗν δ). οὐ (a Sn) 
be topological spaces and let Y = il X;. We wish to define 
i=] 


a topology on X that may be regarded as the product of the 
topologies on the factors of X. Again our guide is the cor- 
responding situation in metric spaces. If these topological 
Spaces were metrizable, then there is a standard procedure for 
converting the product of the corresponding metric spaces into 
a metric space. In this resulting metric space, the open sub- 
sets of X are the unions of sets of the form OxXOcX%... ΧῸΝ 
where each ὁ); is an open subset of X;. If, in general, we use 
these subsets of the product set _X to construct a topology on X, 
we must verify that we do, in fact, have a topology. 


Lemma 7.1 Let 5 be the collection of subsets of Y = ΤΙ X;, which are 
unions of sets of the form Pi 


Oh KOs Xs CL, 
where each OQ; is an open subset of X;. Then 3 is a topology. 
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Proof. Clearly @ and X are in 3. Suppose O and O’ are in 5. 


Then 


O = User Oaa x Oa. x oes x On xs 
0' = Uses Oba Χ Ομ. > a x O8ns 
ae | ' X. and for each 
h aE I, O04 is an open subset of X; : 
aa popes subset of X;. For each (a, 8) Ε 1 XJ and 
eachi = 1,2,...,%, Set | 
Οια. 5). = θαι \ Of. 


- Thus, O(a.g),i 1S an open subset of X; and 


On 0! = \) (a8) Elxd O(e,8),1 x Ove,8),2 ete > 4 O(a,8).n 
‘salso in 3. Finally, a union of sets, each of which is a union of sets 


᾿ of this specified form is again a union of sets of this specified form, 


and consequently 3 is a topology. 


Definition 7.2 The topological space (X, 5), where 3 is the collection 
of subsets of X that are unions of sets of the form 


Ox Cex... % Oe 
each Ὁ; an open subset of X;, is called the product of the topological 
spaces (Δ΄, σὴ), ἡ = 1,2,-.++,%- 


In the future we shall often denote a topological re 
(X, 5) simply by X. Thus, if we say, et ας Dance s 5 ule 
| | ir x | 1ean that X is to 
topological spaces and X = π X;, we shall ey a 
i | produ | logical spaces. 
be considered as the product of the topo 
e ee we did with metric spaces, we have used the = 
the form 0; X 02 X ... X On, O; open in X,, as a “basis” for 
the open sets of X. 


Definition 7.3 Let X be a topological space and (Oa)acr ἃ pea 
of open sets in X. (Oa)acr is called a basis for the open sets of Xi 
each open set is a union of members of (Oa) act: 


The next proposition characterizes the neighborhoods in 
the product space. 
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Proposition 7.4 In a topological space X = tt X;, a subset N ig a 


neighborhood of a point a = (a, a2,...,a,) € N if and only if ¥ 
contains a subset of the form N, X N2 Xx... Ny, where each N, 
is a neighborhood of α;. | 


Proof. First suppose that Ni; X N.X...XN,CN where 
each N; is a neighborhood of a;. By the definition of neighborhood 
in a topological space, each N; contains an open set 0; containing αι, 
hence N contains the open set 0; X Ὁ: X ... Χ O, containing a, 
and therefore N is a neighborhood of a. Conversely, suppose N is 
a neighborhood of a. Then N contains an open set Ὁ containing a, 
Since O is an open subset of the product space X¥ = it X;, we may 
write Ὁ = User Oa X Oa Χ... X Oa.n, where for each i and es ch 
a € I, O.,; is an open subset of X;. Since a € 0,a € Osa X Oss Χ 
- ++ X Opn, for some 8 ΕΞ I, hence a; ΕΞ Og,;fori = 1,2,...,n. B tb 
Os,:isopen. Thus, if we set N; = Os,;,i = 1,2,...,n, Niisa neigh- 
borhood of a; and N; X NoX...X N,COCN. 


Definition 7.5 Let X be a topological space anda © X. A collection 
It of neighborhoods of a is called a basis for the neighborhoods at a 
if each neighborhood N of a contains a member of 2. 


Thus, if a = (a, @,...,a,:) EC X = I X ;, a basis for the 


neighborhoods at a is the collection consisting of all subsets of 
the form N; X Nz X ...X Np, where each N; is a neighbor- 
hood of a;. 


Exercises 


1. Prove that a subset F of X = 1g X; is closed if and only if F is 


an intersection of sets, each of which is a finite union of sets of 
the form F; Χ F2 X ... X F,, where each F; is a closed subset 
of X;. 
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g, Let X I X; be a product of topological spaces and let 
: i=l 


=X. Foreachi = 1,2,...,7, let %; bea 
ne ti oni vd yi a;. Prove that the collection 9 
of subsets of X of the form N; Χ N2X.-.X Nw where each 
N; € 2;, is a basis for the neighborhoods at a. : 
De ἴω ἰροίὶ .Χ. X, for t= 1,%,..+5% DY 
j pee Ἢ nas tame that each projection As a con- 
tinuous function. Let Y be a set. If z is a topological pgs 
prove that a function f :¥Y — X is continuous if and only if the 
n functions p;f are continuous. 
j. Prove that the function f:R — defined by 
f(z) = (cos 2xa, sin 2x2) 


is continuous.! What is f-'({(1, 0)})? 
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IV 


1 Introduction 


A subspace of a topological space is “connected” if it is all 

of one piece ’; that is, if it is impossible to decompose the 
subspace into two disjoint non-empty open sets. The non- 
empty connected subsets of the real line are single points and 
Intervals. The continuous image of a connected set is neal 
sarily a connected set. A consequence of these two facta is 
the intermediate value theorem: that is, a continuous function 
f:[a, Ὁ] + R must assume all values between f(a) and f(b). 


A second type of connectedness is called “arewise connected- | 


ness,” by which it is meant that each pair of points may be 

connected” by a “path” or “are.’’ Arewise connectedness is 
a stronger condition than connectedness, since each ΔΙ ἘΣ 
connected topological space is connected, whereas the converse 
is false. A third type of connectedness that we shall consider 
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is “simple connectedness.” A topological space is simply con- 
nected if there are no holes in it to prevent the continuous 
shrinking of each closed are to a pomt. 


2 Connectedness 


Definition 2.1 A topological space X is said to be connected if the 
only two subsets of X that are simultaneously open and closed are 
X itself and the empty set ὦ. 


Thus, a topological space X is not connected if and only 
if there are two non-empty open subsets P and Q whose union 
is X and whose intersection is empty, for in this event P is 
the complement of Q and therefore both open and _ closed, 
whereas P is neither X nor ὃ. Similarly, a topological space X 
‘s not connected if and only if there are two non-empty closed 
subsets F and G whose union is X and whose intersection Is 
empty. 

Every subset A of a topological space X is itself a top- 
ological space in the relative topology. We say that the 
subset A is connected if the topological space A with the rela- 
tive topology is connected, or what amounts to the same 
thing, 


Definition 2.2 A subset A of a topological space X is said to be 
connected if the only two subsets of A that are simultaneously rela- 
tively open and relatively closed in A are A and ὁ. 


Thus, the statement, A is connected, has the same mean- 
ing whether the reference is to A as a topological space or as a 
subspace of some larger topological space. 

We shall shortly see that intervals such as [a,b] and 
(a,b) are connected subsets of the real line R. As an ex- 
ample of a subset of the real line that is not connected, let 
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A = [0,1] U (2,8). [0,1] is a relatively closed subset of A 
since [0,1] is closed in R. At the same time [0, 1] is a rela- 
tively open subset of A, since [0,1] = (—3, 3) A. Finally, 
(0, 1] γέ @ and [0, 1] # A, hence A is not connected. By the 
same token, the “open interval” (2, 3) is also both relatively 
open and relatively closed in A. 

It will be useful to have the following formulation of 
connectedness, or more precisely, non-connectedness. 


Lemma 2.3 Let A be a subspace of a topological space XY. Then A is 
not connected if and only if there exist two open subsets P and Q 
of X such that, 

ACPUQ, 

P\QCC(A), 
and P(\A#¥@,QNA¥@. 


Proof. First, suppose that A is not connected. Then there is 
a subset P’ of A that is different from @ and from A and is both 
relatively open and relatively closed. This implies that the comple- 
ment of P’ in A, C4(P’), is also different from @ and from A and 
relatively open. Thus P’ = Ρ (\ A and C,4(P’) = QQ A, where P 
and Q are open subsets of X. We therefore have that 4 = P’ U 
C4(P") CPU Q, for P’ C P and C4(P’) C Q, and also PA QA 
A = (Ρ ( 4) ἢ (QM A) = Ρ' 1) Ca(P’) = @ 80 that PA QC 
C(A). Finally, P’ = P(A and C,(P’) = QQ A are non-empty. 

Conversely, given open sets P and Q satisfying the stated condi- 
tions, set P’ = ΡΛ AandQ’=QQ\ A. ThenA = AN (P\) Q) = 
(ANP)U(ANQ =P’ ᾧ Θ' διὰ Ρ' NY =(ANP)N(AN®D 
= Ὁ. Thus P’ = C,4(Q’), and P’ is both relatively open and rela- 
tively closed in A. Since P’ # (ὁ and Ρ' ¥ A (for Q’ is non-empty), 
A is not connected. 


A corresponding result also holds, using closed sets. 


Lemma 2.4 Let A be a subspace of a topological space X. Then A is 
not connected if and only if there exist two closed subsets F and G 
of X such that 
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AC FUG, 
F1\GCC(A), 
andF(\A #@,G(\A #@. 


The next theorem asserts that connectedness is preserved 
under continuous mappings. 


Theorem 2.5 Let X and Y be topological spaces and let f:X — Y be 
continuous. If A is a connected subset of X, then f(A) is a con- 
nected subset of Y. 

Proof. Suppose f(A) is not connected. Then there are open 
subsets P’ and Q’ of ¥ such that f(A) C P’ U Q', P’ 1) Q’ Cc C(f(A)), 
and P’ ()\ f(A) Ξε @, Q' f(A) # Ὁ. Since f is continuous, P = 
f-(P’) and Q = f-1(Q’) are open subsets of X. But A C f-(f(A)) C 
ΓΆΡ φῇ =PUQ. AlscoP)Q ΞΡ N Q) CHCA) = 
C(f-(f(A))) C C(A). Finally, PQ A #¥9,Q0A#@. Thus, A 
is not connected. It follows that if A is connected then f(A) must 
also be connected. 


In particular, if X is connected and f:X — Y is contin- 
uous, then f(X) is connected. If, under these circumstances, 
we wish to assert that Y is connected, we must require that 
f(X) = Y; that is, that f is onto. 


Corollary 2.6 Let X and Y be topological spaces, let f:X — Y be a 
continuous mapping of X onto Y, and let X be connected; then Y 
is connected. 


Corollary 2.7 Let X and Y be homeomorphic topological spaces, then 
X is connected if and only if Y is connected. 


A property of a topological space is said to be a topological 
property if each topological space homeomorphic to the given 
space must also possess this property. Thus, Corollary 2.7 
states that connectedness is a topological property. Of course, 
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any property that is preserved under continuous mappings 
must necessarily be a topological property. 

Lemma 2.8 supplies an interesting characterization of 
connectedness, which will facilitate our proving that the prod- 
uct of two connected spaces is itself connected. 


Lemma 2.8 Let Y = {0,1}. A topological space Y is connected if 


and only if the only continuous mappings [τ — Y are the constant 
mappings. 

Proof. Let f:X — Y be a continuous non-constant mapping. 
Then P = f-'({0}) and Q = f-'({1}) are both non-empty. Thus, 
P#Q@ and ΡῈ X. {0} and {1} are open subsets of Y and f is 
continuous, therefore P and Q are open subsets of Y. But P = C(Q), 
so P is both open and closed and consequently X is not connected. 
Thus, if XY is connected, the only continuous mappings [: Δ — Y are 
constant mappings. 

Conversely, suppose X is not connected. Then there are non- 
empty open subsets P, Q of XY such that ΡΟ Q = @and PU Q = X. 
Define a mapping f:Y — Y as follows. If 2 € P, set f(x) = 0. 
If « € Q, set f(x) = 1. fis continuous, for there are four open sub- 
sets, O, {0}, {1}, and Y of Y whereas f-'\(O) = @, f-({0}) = P, 
f"(Q) = Q, and f-'(Y) = X, so that the inverse image of an open 
set is open. 


Clearly, the role of the space Y = {0,1} in the above 
result could be played by any other topological space Z con- 
sisting of two points in which all subsets are open. 


Theorem 2.9 Let X and Y be connected topological spaces. Then 
X X I is connected. 


Proof. We shall show that the only continuous mappings 
f:X ΧΥ͂ — {0,1} are constant mappings. Suppose, on the con- 
trary, that there is a continuous mapping f:X Χ Y — {0, 1} that is 
not constant. Then there are points (2, yo), (a1, μι) © X Χ Y such 
that f(x, yo) = 0, f(a, γι) = 1. If we picture f(x, y) as a number 
attached to the point (x, y), then we have the situation depicted in 
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Figure 12. Suppose f(a, yo) = 0. We then define an “imbedding” 
i.:Y¥ oN XY by i.(y) = (ty). %, is continuous, hence the 
composite mapping 

fiz: ¥ — (0,1) 
is continuous (fiz, may be thought of as essentially f restricted to the 
points of the form (a1, y); that is, the points lying above x in Fig- 
ure 12.) But (fiz,)(yo) = f(x yo) = ὁ and (fiz,)(m) = fr μι) = 1. 


| 


Figure 15 'y, 


Thus, in this case, there is a non-constant mapping of Y into {0,1}, 
contradicting the connectedness of Y. Similarly, if f(x1, Yo) = 1, we 
define an imbedding i,,:X —~ X X Y by setting ty,(x) = (a, Yo) and 
show that we obtain a non-constant mapping fi,,:X — {0, 1}, con- 
tradicting the connectedness of X. It follows that there are no 
non-constant mappings of X X Y into {0,1} and that therefore 
X X ¥ is connected. 


Corollary 2.10 If X;, X2,..., Xn are connected topological spaces, 
then I X, is a connected topological space. 


Exercises 


1. On the real line, prove that the set of non-zero numbers is not a 
connected set. 
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2. On the real line, prove that the set of rational numbers is not a 
connected set. 

8. Let A and B be subsets of a topological space Δ. If A is con- 
nected, B is open and closed, and A (ἡ B ¥ @, prove that A C 8. 
[Hint: Assume A (ἡ B and use the sets P = A ἡ B and Q = 
A ()\ C(B) to prove that A is not connected.] 

4. Let A and B be connected subsets of a topological space XY. If 
ΑΓΒ = (6, prove that A U B is connected. [Hint: in the 
topological space A U B, show by using the result of Problem 3 
that the only non-empty open and closed subset is A U B.) 

5. Prove that if X X Y is a connected topological space, then 
both X and Y are connected topological spaces. 


6. Recall that a topological space is said to be discrete if each subset 
is open. Prove that a topological space XY is connected if and 
only if each continuous mapping of X into a discrete space is a 
constant mapping. 


3 Connectedness on the Real Line 


In this section we shall define the term “interval”? and prove 
that a non-empty subset of the real line is connected if and 
only if it is either a single point or an interval. 


Definition 3.1 A subset A of the real line is called an interval if A 
contains at least two distinct points, and if given points a, b € A with 
: ps then for each point x such that a < x < b, it follows that 


Α Thus, an interval contains all points between any two of 
its points. It is a simple matter to verify that a closed in- 
terval la, δ] or an open interval (a, ὃ) is an interval in the sense 
of Definition 3.1. Other subsets of the real line that are 
intervals are defined in Definition 3.2. 
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Definition 3.2 Let a be a real number. The subset of R consisting 
of all real numbers x such that a < 2 is denoted by (a, +). The 
subset of R consisting of all real numbers x such that a S wis denoted 
by [a, +2). The subset of R consisting of all real numbers x such 
that x < a is denoted by (—%,a). The subset of R consisting of 
all real numbers a such that « < a is denoted by (—~, a). 

Let b be a second real number with a < b. The subset of R 
consisting of all real numbers x such that a <x S 6 is denoted by 
(a, b]. The subset of R consisting of all real numbers x such that 
a = x < bis denoted by [a, ὃ). 

We shall also denote R itself by {-τ-ῦ, +). 


The subsets of R that have been mentioned in this section 
exhaust the collection of intervals. 


Theorem 3.3 A subset A of the real numbers is an interval if and only 
if it is of one of the following forms: (a, ὃ); [a, ὃ); (a, 6]; [a, δ]: 
(-- ὦ, α); (-- οὐ, a]; (a, +2); [a, +2); {ττοῦ, +2). 


Proof. We leave it to the reader to verify that each of these 
nine types of sets is an interval and shall prove the “only if” part of 
the theorem. Suppose A is an interval. We first note that if a 
point « @ A, then either x is a lower bound of A or an upper bound 
of A, for otherwise there would be points a, b € A witha < x < band 
we would obtain the contradiction z € A. We shall, consequently, 
distinguish four cases. 


Case 1. A has neither an upper bound nor a lower bound. In 
this case C(A) must be empty so that A = (—*, +). 


Case 2. A has an upper bound but no lower bound. Since an 
interval is non-empty, A has a least upper bound a. We claim that 
if « <a, then « € A. For, suppose x < a, then there is a point 
a’ ΕΞ A with x < a’ Ξ a (for otherwise a would not be a least upper 
bound.) Since x cannot be a lower bound of A there is a point 
bE Awithb <2. Butb <2 < α' ἀπά α΄, ὁ € A imply that Ε A. 
We have thus shown that (—*,a) C A. On the other hand, for 
x>a,xG@A. It follows that A is either of the form (—©, a] or 
(—«, a), depending on whether a € A ora GA. 
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Case 3. A has a lower bound but no upper bound. By reason- 
ing similar to that of Case 2, one shows that A is either of the form 


[a, +20) or (a, +2), where a is the greatest lower bound of A. 


Case 4. A has a lower bound and an upper bound. Let a be 
the greatest lower bound of A and let ὁ be the least upper bound of A. 


Since A contains at least two distinct points, a <b. A point x, if it 


is to lie in A, must therefore lie in fa, δ], so that A C [α, Ὁ]. We 
claim that a < a « b implies that 2 © A. This implication follows 
from the fact that for any such point x, there must be points a’ and 
δ' with a’, δ΄ CA andasa' <2x<b' <b. Hence (a,b) C AC 
[a,b]. Consequently, A must be of one of the four forms (a, b), 


(a, δ), (a, δ], or [a, Ὁ], depending on which, if any, of the two points a, 
b belongs to A. 


We shall now prove that apart from the empty set and 


single points, the only connected subsets of the real line are 


intervals. 


Theorem 3.4 A subset A of the real line that contains at least two 
distinct points is connected if and only if it is an interval. 


Proof. We shall first show that if A is not an interval then it is 
not connected, If A is not an interval, then there are points a, ὃ, δ 
with a “ὁ < b and a, b € A, whereas cG@A. Let P = (—~, 0), 
Q@ = (c,+«). P and Q are open subsets of the real line that satisfy 
the conditions of Lemma 2.3; hence A is not connected. 

Conversely, we shall show that if A is not connected then 
A is not an interval. If A is not connected, by Lemma 2.4, there 
are closed subsets δ᾽ and G of the real line such that A C FU ὦ, 
F (\GC C(A) and both F and G contain a point of A. Assume 
that the notation is such that there is a point ἃ ΞΞ A()F and a 
point 6 € A ἢ G with a « ὃ. We shall find a point between a and 
b that is not in A. Let G’ = GQ [a,b]. Then G’ is a closed non- 
empty subset of the real line and, consequently, contains its greatest 
lower bound 6. We cannot have a = ¢, for then A QD FO G τέ O, 
contradicting F (\GC C(A). Thus, α « ς. Next, let F’ = FQ 
[a,c]. F’ is also a closed non-empty subset of the real line and 
therefore contains its least upper bound d. In the event that e = d 
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', he g is interval. Other- 
we have ΟΕ F 1) G, hence ¢ ¢ A and A is not an in x 7 
wise d < cand (ὦ, οὐ Γγ (F U ΟἹ = @, so that (d, ο) A = (7, and 
again A does not contain a point between a and b and is therefore 
not an interval. τ 


Exercises 


1. Let f:R— R be continuous. Prove that the image under f of 

each interval is either a single point or an interval. 

Prove that Euclidean n-space, R", and the standard n-cube, 15, 

are connected for each value of n. 

3. Prove that a homeomorphism f:{a, Ὁ] — [a, δ} carries end points 
into end points. 

4. Let X be a topological space. Prove that X is connected if and 
only if each open subset U of X different from @ and X has at 
least one boundary point. 


we 


4 Some Applications of Connectedness 


Theorem 4.1 (Intermediate-Value Theorem.) Let f:|a, b|--R be 
continuous and let f(a) # f(b). Then for each number V between 
f(a) and f(b) there is a point v € ἴα, b] such that f(r) = Κ΄. be 

roof. [a,b] is connected, hence f((a, b]) 15 connected and is 
shah GC eae Now, f(a), f(b) Ε f(la, b)). Thus if V is 
between f(a) and f(b), since f({a, b]) is an interval, V € fifa, b]); that 
is, there is a v © [a, ὃ] such that f(v) = Κ΄. 


Theorem 4.1 states that for each V between f(a) and f(4), 
the horizontal line y = V intersects the graph of ie f(x) at 
some point (v, V) with a < v < ὑ, as indicated in Figure 13. 

If the domain of a continuous real-valued function con- 
tains an interval [a, Ὁ], then its restriction to [a, ὃ] is continu- 
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Figure 13 


ous and we can assert that f must assume at least once ez 
value between f(a) and f(b) over the interval [a, δ]. 


As a special case of the intermediate-value theorem, 


namely V = 0, we have, 


lary 4.2 Let f:[a,b] + R be continuous. If b 0. the 
there is an x € [a,b] such that f(z) = 0. Κα) < 0, th ἂν 


Corollary 4.3 (Fixed-Point Theorem). Let f:[0, 1] -- [0,1] be con- 
tinuous. Then there is a z € [0, 1] such that f(z) = z. | 


Proof. In the event that f(0) = Ὁ or f(1) = 1, the theorem is 


certainly true. Thus, it suffices to consider the case in which f(0) > 0 


and f(1) <1. Let g:[0,1] -- R be defined by 
g(x) al Dee: f(x), 
(therefore, if g(z) = 0, f(z) =z). g is continuous and g(0) = 


—f(0) < 0, whereas g(1) = 1 — f(1) > 0. Cons 
, . Consequently, by Corol- 
lary 4.2, there is a z Ε [0, 1] such that g(z) = 0, whence f(z) = 2. 


We may interpret this theorem geometrically. Since 
B [0, 1] > [0,1], the graph of y = f(x) is contained in the 
unit square defined by 0S 251, 0S yZ1. The point 
(z, f(z)) given by the theorem lies on both the graph of y = f(x) 
and the line y = x. Hence the theorem asserts that the graph 
of y = f(x) intersects the line y = 2 in this square (see Fig- 
ure 14), or equivalently, that in order for the curve which 
constitutes the graph to connect a point on the left-hand 
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edge of the square with a point on the right-hand edge of the 
square, the curve must intersect the diagonal of the square 
pictured in Figure 14. Although statements of this type seem 


Figure 14 


0 >. ἢ 


intuitively true, they are oftentimes most difficult to prove. 

The reason for calling Theorem 4.3 a fixed-point theorem 
is that, if we think of f:[0, 1] — [0, 1] as a transformation 
that earries each point 2 of [0, 1] into the point f(x) of [0, 1], 
then to say that f(z) = 2 is to say that the transformation f 
leaves αὶ “‘fixed.” 

There are many so-called “fixed-point” theorems, of which 
43 is undoubtedly the simplest. In general, a fixed-point 
theorem is one that states that for a specified topological 
space X each continuous function f:X — X possesses a fixed 
point; that is, there is necessarily a 2 € X such that f(z) = 2. 
One of the convenient facts about a fixed-point theorem is 
that if X and Y are homeomorphic topological spaces and a 
fixed-point theorem is true for X, then it is also true for Y. 


Theorem 4.4 Let X and Y be homeomorphic topological spaces. 
Then each continuous function kh: X — X possesses a fixed point if 
and only if each continuous function k: ¥ — Y possesses a fixed point. 

Proof. Let f:X — ὴ and g:Y > X be a pair of continuous in- 
verse functions. Let k:¥ — Y be a continuous function so that we 
have the diagram 
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x<-—_1___-y 

and suppose that each continuous function h:¥ > X 
| Is on h: . ssesses 
fixed point. Then the function h = gkf:X -- X is ἐπε ἔπος ΝΕ 
there is ἃ z © X such that A(z) τὸ 2. Let w = f(z). We have | 

k(w) = k(f(2)) = folk(f2))) = f(a(z)) = f(z) = w. 

Thus, w 15 a fixed point of k. Since the hypotheses are symmetric 
with regard to X and FY, it also follows that if each continuous fune 


tion k: ¥ -- ¥ has a fixed point then so does each continuous function 
ΔῈ Δ — X, 


Any two closed intervals are homeomorphic. Since ¢ 
fixed-point theorem holds for [0, 1], we obtain 


Corollary 4.5 Let f:[a,b) > [a,b] be continuous. Th = 
z € [a,b] such that f(z) = z. en there is a 


Theorem 4.3 is a special case of the “Brouwer Fixed-Point 
Theorem,” which we shall now state. Recall that in R*, the 
unit z-cube 1" is defined as the set of points (αι, 2 aa 
whose coordinates satisfy the inequalities »t2,.. 


US δὲ 5 I, 
for ἐτἰ 1.4. 66. yn: 


Theorem 4.6 (Brouwer Fixed-Point Theorem.) Let f:1" — I" be con 
tinuous. Then there is a point z ΕΞ I" such that f(z) = z. 


: For n = 1, I’ = [0,1], and Theorem 4.6 reduces to 4.3. 
We shall not prove this theorem. However, one can supply a 
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very suggestive argument for the truth of the theorem in the 
case n = 2. To this end we may, on the basis of Theorem 4.0, 
work with a topological space homeomorphie to 15. If we 
think of 15 as being a surface constructed of elastic material, 
we may conceive of a deformation or stretching by which 
we obtain a surface that is a dise; that is, the set of pomts 
(2,, a) in the plane whose coordinates satisfy the inequality 
vi +a3<s 1. Thus, the disc is homeomorphic with /*, and we 
may argue the validity of the fixed-point theorem with regard 
to the dise. 

Let g be a continuous transformation of this dise into 
itself. Suppose that it were possible that for each point x 
of the dise, we had g(x) γέ x. Then for each point x in the 
dise, there would be a unique half-line L, emanating from 
g(x) and passing through 2 (see Figure 15). The half-line L, 


Figure 15 


will contain a point on the boundary of the dise other than 
g(x). Let us call this point k(x). In particular, if y is a 
boundary point of the dise, then hk(y) = y. This is true even 
if g(y) itself is a boundary point, as may be seen by examining 
the various cases depicted in Figure 15. Using the given 
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transformation g we have thus constructed a new transforma. 


tion hk, which has the property that it carries each point of the 


dise into a boundary point and leaves each boundary point 
fixed (h is called a “retraction” since it retracts or pulls the 
interior of the dise onto its boundary while leaving the bound- 
ary fixed.) 

We next argue that the transformation h is continuous, 
for the image h(x) will vary by a small amount if we suitably 
restrict the variation of x. Though it is by no means simple 
to prove that no continuous transformation such as h can exist, 
our intuition should tell us that none can. For if there were a 
function such as h we should be able to retract the head of a 
drum onto the rim, although intuitively we know that we can 
do so only by ripping the drum head someplace; that is, by 
introducing a discontinuity. Since there is no function such 
as the retraction hk, we have obtained a contradiction, and 
therefore our supposition that g did not have a fixed point is 
untenable. 

Another application of the intermediate-value theorem 
relates to the concept of antipodal points on spheres. Let us 
recall that the n-sphere, S*, is the set of points (21, We, . . . ἄρ 
in R"* satisfying the equation 


t+ a+... a8, = 1, 


the topology of 35 being the relative topology. If (21, x», 
-+52%n41) is in 35, the pair of points (a, %,... > 241) and 
—®i, —X2,..., τορι) are called a paw of antipodal points. 

Given z = (21, %,... > Xn41) Ε S", it is convenient to denote 

(Bis τῶ... τὰ τὺ by —2 and call —z the antipodal point 

ofz. A pair z, -- ὦ of antipodal points is the pair of end points 

of a diameter of the sphere. We shall be particularly inter- 
ested in the 1-sphere, S', which is a circle. 
Consider a continuous function f:S'— R. If we define 

F:S'— R by F(z) = f(z) — f(—z) for  € S', we can show 

that F(z) = 0 for some z εξ δὲ; that is, f(z) = f(—2), or f has 
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the same value at one or more pairs of antipodal ξαρῆ τι τὴς 
proof of this fact is motivated by the consideration 3 κι ἃ 
value οὗ F is determined by a diameter of the circle ΒΕ a 
designation of one of its extremities as x and the other o 
--α. If we rotate this diameter through 7 radians, as in a 
cated in Figure 16, then the initial value of F corresponding to 


@=0 


(a) (6) 
Figure 16 


Figure 16a is opposite in sign to the final value of F caresee 
ing to Figure 16c. But F is continuous, so its value mus 
be zero for some position of the diameter corresponding to : 
value of θ with 0 S @ S z, where @ is the angle through whic 
the diameter has been rotated. Thus F(z) = 0 and 


Theorem 4.7 Let f:S' — R be continuous, then there exists a pair of 
antipodal points z, —z € S' such that f(z) = f(—z). 


Whether or not the preceding discussion constitutes a proof 
of this theorem is legitimately a matter of opinion, Although 
it is hoped that it is convincing, a more analytic —— 
which may appeal to many as being more rigorous, is indicate 
7 pe τ ἂρ ante significant generalizations of this theorem 
is called the Borsuk-Ulam theorem. 
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Theorem 4.8 (Borsuk-Ulam.) Let f:S" — Rr 
there exists a pair of 


f(—2). 


be continuous, then 
antipodal points z, —z € S* such that f(z) = 


We shall not prove this theorem. Theorem 4.7 is, of 
course, the case n = 1. The case n = 2 has some practical 
consequences. The 2-sphere, S?, may be thought of as the 
surface of a globe. In this case, the Borsuk-Ulam theorem 
gives a negative answer to the question, “Is it possible to 
draw a map on a flat sheet of paper of the surface of the earth 
so that two distinct points on the surface of the earth corre- 
spond to two distinct points on the map and nearby points on 
the surface of the earth are mapped into nearby points, that 
is, the correspondence is continuous?” The reason the answer 
to this question is “no” is that otherwise the existence of such 
a correspondence would imply the existence of a continuous 
function f:S? - R2 that was one-one, and this possibility is 
ruled out by the Borsuk-Ulam theorem. 

The case n = 2 also provides a solution to a problem often 
referred to as the “Ham-Sandwich Problem.” This 
states that, given three finite volumes U, V, W in R3, there 
must exist at least one plane in ἢ that simultaneously bisects 
all three volumes; thus, regardless of the distribution of ham 
and cheese in a sandwich, one may, with one slice, divide the 
sandwich into two parts containing equal amounts of bread, 
ham, and cheese. 


Let a, a, as be a 


a2 + ag = 
(1) 


divides the three volumes. For each set of direction cosines 
choose p = p(a, as, a3) so that the plane (1) bisects the vol- 
ume U. In the event that there is more than one such value 
of p for which the volume {7 is bisected, the values of p con- 
stitute a closed interval and we choose the mid-point of this 
interval. [Note that in this manner the two planes 


result 


set of direction cosines (so that a? + 
1). For each real number p, the plane 


Aik, TF Asay + ἀρὰς = p 
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(2) Qa, + Anas + αὐ = ploa, Qs, 3) 


and Ses μα 
(—ay)a, + (--αὐ)Ἃ + (—as)ts = γί--αι, —O%2, 


| be the 
a προς d w = w(ay, a, Os) 
eels Let r= rlay, Mo, cs) pai “et . ἢ lie on 
comet ts the volume of V and WW, respectively, γῶν ᾿ the 
πῃ, side of the plane (2) as the normal τ ge wee oe 
lineetton determined by αἰ, a, Gs. εἶμι ἐν Sats of 352, Conse- 
dence between direction cosines and point Ἐκ δεῖν μι ἐπί 
coda the correspondence that associates Ww! a;)) defines 
γεν Le ΕΞ S? the point (v(a, Qo, αι)». w(a, Os an ri aa 
gear f: 8° RR. Intuitively, f 1s anon pa Μή 
ἽΝ Bursuk-Ulam theorem [(βι, Bo, ΡΒ en ifs β,, βὴ 2 
ome pair of antipodal points of 53. ἐν Δὲ = fafa 
ΚΕ —B2, --βὴὸ and τίβι, Bs, PP a β Ὶ is the same 
Sines τὴν plane Bia + βοῶν + Bats = apes Be — Bs); 
a a. a Leer dk ΝᾺ εἰν V and W 
is plane is such that equal measures . bisects all 
περ τὴν side of it; that is, it simultaneously Ὁ 
Ι δ} : 
| umes. ὝΡΥ | topics 
vee the steeds interested in pursuing ~— mecha 
treated in this section, = Ag rbeay sn Se Mathe- 
| opfie disk and spnere, EOE Ἐ P ' oe ee nded. 
ore ee pp. 285-309, 15 particularly a a din 
Proofs af the Brouwer Fixed-Point T ν᾿ μὲ τα ᾿ς dia 
many of the standard texts, i he A and Hock- 
egg py ΩΝ Topology; 6 8 : 
| ; Cairns, Introductory 1 opotos urs In 
i ie ene ete. The Borsuk-Ulam theorem also occ 
ing, 1 25 
the book by Lefschetz. 


Exercises 


Vv i : i --Ὁ lefined by 
1. Prove that the mapping p: ΠΕ S! Genie \ 
, pl) = (cos f, sin ἢ) i 
| | ac inuou 
for {6 Ris continuous and that therefore, for each con 
IWF OC | 
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function g:S'— R, there is a continuous function g:R—R such 
that the diagram 


Ῥ 
g 


S'-———————+R 
is commutative. Let f:S'—+R be continuous and define 
F:S'—R by F(x) = f(x) — f(—x) for cE S'. Prove that 
(Fp)() = —(Fp)(t + x), and that therefore there is a z € [0, τ] 
such that (Fp)(z) = 0. Then show that if x = p(z), f(x) = 
f(—2), thereby proving Theorem 4.7. 


2. Prove that given n finite volumes U;, Us,..., Ὁ, ἴῃ R* there is a 
hyperplane 
Ot TF te +... - Onn = Ὁ 
which simultaneously bisects all n volumes. 
Let F: R? — R be a real-valued function defined and continuous 


onthe plane. For each continuous function f:[a, δ] ---ὐ R we may 
define a new continuous function K [:[α, Ὁ] +R by setting 
Kjf(t) = [ F(a, f(@)) dz, τ [α, 8]. Thus, if S is the eet οἱ 
continuous real-valued functions defined on (a, δ), K defines a 
transformation of S into itself. Prove that an element g € § 
is a fixed point of K if and only if g satisfies the differential equa- 
tion g(x) = F(a, g(x)) with initial condition g(a) = 0. 


5 Components and Local 
Connectedness 


In any topological space X, each point ας αὶ belongs to a 
maximal connected subset of X called the “component of a.” 
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Theorem 5.1 Let X be a topological space. For each point a © 
there is a non-empty subset Cmp(a), called the component of a, with 
the property that Cmp(a) is connected and if D is any connected 
subset of X containing a, then D C Cmp(a). 


Proof. There are connected subsets of X containing a for {a} 
issuch a subset. Let J be an indexing set for the family of connected 
subsets (D.)acr containing a. We set Cmp(a) = User Da. Thus, if 
1) is any connected subset of X containing a, D = Ds for some BE, 
whence ἢ C Cmp(a). It remains to prove that Cmp(a) is connected. 
Suppose it is not. Then there are non-empty relatively open subsets 
A and B of Cmp(a) such that A ἡ B = @and AUB = Cmp(a). 
Assume the notation is such that a € A and let b be a point of B. 
Since 6 € Cmp(a), ὃ ΕΞ D, for some connected subset ἢ). of X 
containing a. Now D,C Cmp(a), hence A’ = A () D, and B’ = 
B ΓᾺ D, are non-empty relatively open subsets of D,. Furthermore, 
ΑΙ ΛΒ CAN B=@andA’ UB = D, NAW B) = D,. Con- 
sequently, the supposition that Cmp(a) is not connected yields the 
contradiction that D, is not connected. Therefore Cmp(qa) is con- 
nected. 


Lemma 5.2 In a topological space X, let ὁ ΕΞ Cmp(a). Then Cmp(6) 
= Cmp(a). 

Proof. Since ὃ ΕΞ Cmp(a) and Cmp(a) is a connected set con- 
taining b, by Theorem 5.1, Cmp(a) C Cmp(b). But a ΕΞ Cmp(a), 
hence a © Cmp(b),so, by the same reasoning it follows that Cmp(6) C 
Cmp(a) and therefore Cmp(a) = Cmp(6). 


Corollary 5.3 In a topological space X, for any two points a, bE X, 
either Cmp(a) = Cmp(b) or Cmp(a) (ἡ Cmp(b) = (Ὁ. 

Proof. If Cmp(a) (\ Cmp(b) # @, then for a point e © Cmp(a) 
ΓῚ Cmp(b) we have, by Lemma 5.2, Cmp(c) = Cmp(a) and Cmp(c) 
= Cmp(d). 


A subset of X that is the component of some point a © x 
is ealled a component of X. By Lemma 5.2, a component is 
the component of each of its points. By Corollary 5.3, two 
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pres coe! either coincide or are disjoint. The components 
of a topological space .X thus constitute a particular example of 
what is known as a “partition” of a set. | 


Definition 5.4 Let Y be a set and (P,) i 
Πα απ an indexed familv of non- 
empty subsets of Δ΄. (P aacl is called a partition of Y oa igi ΟΝ 
(i) X= VUeer Fi 
(ii) 1ξα,β El,a#¥ β, then P, A Ps; = @. 


In summary, we may state that the components of a 
t opological space constitute a partition of the space into max | 
imal connected subsets. } 


Theeree Ν᾿ Let (Qz)acr be the indexed family of components of a 

: aici gs Then (Qa)acr is a partition of X with the 
: lat If 2) 15 any non-empty 

ρον genamp de pty connected subset of Y, then 


᾿ ae Since a€ Cmp(a), each component is non-empty and 
μὲ ι point of X is in some component. Thus X = Veer Va. Fi- 

na oN Dis a non-empty connected subset of Y, then for sonnel 
a©&D,D C Cmp(a) = Qs for some 8 € 1]. { 


The following theorem impli 
‘ | orem implies th Si 22% 
sarily. closed ser. plies that a component is neces- 


Theorem 5.6 Let A be a connected subse 
subset of a topologi | 
and let AC BCA. Then Bis also ak appupen! spaces 


Proof. We shall show that if B i 

tu 5. not connected then A { t 
Pe cae ee eae hx such thal 
would foll (8), BC PUQPAB#D, and QO BO. It 
A FOE Rese δὰ ὅδος CN): Bee 
pa ; pharma that A is not connected we must show that PA 
ΓΕ and Q(\ A #@. If P(A =@, then A would be con- 
ined in the closed set C(P), hence A C C(P) or PA. A =. But 

this last relation would imply that PB = 0. Thus, PQ A # 3 
Similarly, Ὁ (ἡ «4 Κα @. - thus,  Ο A # 0. 
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Corollary 5.7 The closure of a connected set is connected. 


Corollary 5.8 In a topological space, cach component Is a closed set. 

Proof. Let A be a component, say 4 = Cmp(a). Then A isa 
connected set containing a and therefore A C Cmp(a) = 4. But 
AC GO, hence in this case A = A and A is closed. 


It might be thought that a component must also be an 
open set, but it need not be as the following example will indi- 
cate. Let X be the subspace of the real line consisting of the 


points 0 and all numbers of the form -, n a positive integer. 


The only connected set containing 0 is {0}, thus Cmp(0) = {0}. 
On the other hand {0} is not a neighborhood of 0 and hence 
{0} is not an open subset of X. 

A sufficient condition for the components in a space to be 
open is that the space be “locally connected.” 


Definition 5.9 A topological space Y is said to be locally connected 
αἱ a point a Ε X if each neighborhood N of a contains a connected 
neighborhood U of a. A topological space X is said to be locally 
connected if it is locally connected at each of its points. 


Lemma 5.10 Let Y be a locally connected topological space and let Q 
be a component. Then Q is an open set. 

Proof. Let ας Q. Since X is locally connected there is at 
least one connected neighborhood N of a. But Q = Cmp(a), hence 
by Theorem 5.1, V C Q, which, in turn, implies that Q is a neighbor- 
hood of a. Thus, Ὁ is a neighborhood of each of its points and there- 
fore Q is open. 


If X is locally connected at a then there are “arbitrarily 
small” connected neighborhoods of a, for, given any neigh- 
borhood N of a, there is a connected neighborhood U C N that 
is at least as “small”? as N. An equivalent formulation of local 
connectedness is obtained by utilizing the concept of basis for 
the neighborhoods at a, 
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Lemma 5.11 A topological space is locally connected at a point a © X¥ 
if and only if there is a basis for the neighborhoods at a composed of 
connected subsets of Δ΄. 


Proof. First, suppose that X is locally connected at a and let 
U, be the collection of connected neighborhoods of a. Since every 
neighborhood N of a contains an element of U,, Us is a basis for the 
neighborhoods at a. Conversely, if there is a basis U, for the neigh- 
borhoods of a consisting of connected sets, each neighborhood N must 
contain an element of U, and therefore X is locally connected at a. 


Exercises 


1. Prove that a non-empty connected subset of a topological space 
that is both open and closed is a component. 


2. Let X be a topological space that has a finite number of com- 
ponents. Prove that each component of X is both open and 
closed. 


3. Let A be a connected subset of a locally connected space X, 
Then the subspace A is locally connected. 


4. Let X and Y be homeomorphie topological spaces. Prove that 
any homeomorphism [: Δ΄ — Y establishes a one-one correspond- 
ence between the components of X and the components of Y. 


5. Prove that the product of two locally connected topological spaces 
is locally connected. 


6. Prove that Euclidean n-space R" and the standard n-cube J* are 
locally connected. 


6 Arcwise Connected Topological 
Spaces 


» 


In the three-dimensional geometry of the calculus, one often 
discusses a curve in terms of a parametric representation, 
usually written 
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c= fi), 
y = gd), 
z= hit). 


If not stated explicitly, it is generally er εἰπὲ 
three functions f, g, 2 are at least continuous, if not i —. 
able over some common interval [a, b] as their — τα 
therefore F(t) = (f(), 9, h®) defines a continuous unc = 
Ρ:[α, Ὁ] > BR’. The curve a, is, on ne ga 
he image of [a,b] under F; that is, , 6)). : y 
age _ as “connecting” the two we F πῶς 
(f(a), g(a), κ(α)) and F(b) = (f(b), 90): h(b)). hen he 
points A, ΒῈ 1, the question of whether or not t “i . 
curve “connecting” A and B is therefore seen to be the sil 
as the question of whether or not there is a a 
tion F:[a, b] > R* such that F(a) = A and F(b) = : ee 
thermore, the interval [a,b] may just as well be res π᾿ 
(0, 1], for using any homeomorphism e310, 1 ter ᾿ 5 
may show that the required F:{a, δ] - K exists 1 = on : 
if a corresponding G = F¢e:(0, 1j- ἢ exists. These observ 
tions motivate the following two definitions: 


Definition 6.1 Let X be a topological space. A continuous oe 
f:[0, 1] ~ X is called an are or path in X . The path + ig a - 
connect or join the point f(0) to the point 710). f(0) hog . 
initial point and f(1) is called the terminal pont of ἐν path f. 

If f is a path in X, {{{0, 11) is called a curve in A. 


Definition 6.2 A topological space X is said to be arcwise connected 
if, for each pair of points u, v € X, there is a path f connecting u 


* ΤᾺ non-empty subset A of a topological space X is said to be are- 


wise connected if the topological space A in the relative topology 1s 
arewise connected. 
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The real line R is an arewise connected space, for if a, b 
are two real numbers, the path f:[0, 1] -- R defined by 


SO) =at+ (b— at 


for ἐ € [0, 1] connects f(0) = a and f(1) = b. R* is also are- 
wise connected. This may be seen by either joining a given 
pair 2, y of points of R* by a path, or by using the general re- 
sult that if XY and Y are arewise connected spaces, then so is 
X X ¥ (see Exercise 5 of this section). Another significant 
class of arewise connected spaces are the spheres, S", for 
n> 0. | 

A path f in a topological space X whose initial and terminal 
points coincide is called a closed path or a loop in Δ΄. Though 
such paths play a significant role in topology, we shall not be 
concerned with them in this section. 

If f is a path in a topological space X and g is a continuous 
mapping of X into a second topological space Y, then the 
composite function gf:[0, 1] -- Y is a path in Y. This obser- 
vation provides the basis for the proof of the result: 


Theorem 6.3 Let Y be a topological space. If there exists an arewise 
connected topological space X and a continuous mapping g:.¥ —> Y, 
which is onto, then Y is arewise connected. 

Proof. Leta,b€ ¥. Sinceg:X — Y is onto, there are points a’, 
b’ Ε X such that g(a’) = a,g(b’) = ὁ. Since X is arewise connected, 
there is a path f in X joining a’ to δ' and, consequently, the path gf 
joins a to b. 


Note the necessity of the requirement that g:X — Y be 
onto, It follows that given homeomorphic topological spaces 
X and Y, X is arewise connected if and only if Y is arewise 
connected. Thus, arcwise connectedness is a topological prop- 
erty. 

Arewise connectedness is a stronger property than con- — 
nectedness; that is, if a topological space X is arewise con- 
nected then X is connected. 
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theorem 6.4 Let X be an arewise connected topological space, then 
X is connected, Lcd 
Proof. Suppose X were not connected. Then there is a proper 
subset P of X which is both open and closed. Pines na ΟῚ 
there is a point a € P and a point bE C(P). Let {:{0, ce. 
from atob. f-'(P) is a proper subset of (0, 1] for 0 Ef : 
Since f is continuous, [Γ᾿ (Ρ) is both open and closed. 
[0, 1] is connected. Therefore X 


il path 


1 ¢f-(P). 
< this contradicts the fact that 


is connected. 


The converse of Theorem 6.4 is false. A nner 
to the converse, that is, a topological space that is ΕΝ ΤῸ , 
but not arewise connected, is the subspace of the plane 
sisting of the set of points (2, y) such that either 


x = 0, -lsysl, 
or - 
Oa e141, y = cos = 


tai me i i e by referring to Fig- 

obtain some idea of this space by re to Fig- 
ae we have tried to show the main evince 
this Sane. It is impossible to picture this space completely, 


Figure 17 


LL  Ξ ΞΕ Ξ ΞΈΞΈΞΞΞΞΘΞΕΕΕ-. 
᾿ ω " ΕΣ 


! 
| 

if 
i" 
i” 
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for, as the values of x approach 0, the oscillation of the grap} 


T - 
y = cos -- becomes more and more rapid. 
r 


It is not difficult to prove that this space is connected 
First of all let us decompose this space into two subsets Z; any 
Z2, where Z, is the set of points (0, y), —1 < y = 1, on th 
Y-axis, and Z, is the complementary set consisting of thos 


points (x,y), 0 «ὦ < 1 and y = cos = The function F(é) = 


(1 cos :) defines a continuous mapping of the connected in. 


terval (0, 1] onto Z., hence Z, is connected. To prove that 
the entire space Z = Z, U Z is connected, we shall prove that 
Zy = Z; that is, ZC 2. “This is'so Because there are points 
of Z, arbitrarily close to each point of Z;. For, let (0, y) Ε Ly 
and let ¢ > 0 be given. We may find an even integer V 


sufficiently large so that Ν < ε. Now cos ΤΙΝ =1 anc 


τ Ε re ] | : - * ro am 

cos VN +1 = —I, hence by the intermediate-value theore 
= ; - 1 : 1 ᾿ Ξ Τ — q ‘ rn: 

there is a number / € | N2T 4 such that cos rok. The 


point (« cos *) is in Z, and its distance from (0, y) is less than 
ε. Thus Z, C Z, and Z, is the entire space Z. By Corollary 
5.7, Z is connected. 
We shall now prove that Z is not arewise connected. Sup- 
pose Z were arewise connected, then given a point (0, y) Ε Ζι 
and the point (1, —1) € Z., there would be a path F:[0,1] ~ Z 
such that F(0) = (0, y) and F(1) = (1, —1). Let us write 
F(t) = (F,(é), F.(t)). Then F, and F are continuous functions 
and F(0) = 0, δ᾽ (1) = 1. The set U = Ὑ '(10!) is a closed 
bounded subset of the real numbers and hence contains its — 
least upper bound {*. Since F\(1) # 0, t* «1. We shall 


show that because of the oscillation of cos x for values of x close 
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zero, the function F, cannot be continuous at ἐν. pig nse 
val of ¢ such that ἐξ < tS 1 we have F,(¢) > 0, hence 


- 
Fit) € Zor (ἢ = (FO, cos a) that is, Fo(f) = cos FO 
ach 6 > 0, ἐξ +6 S51, 
< 1; we shall show that for each sl. 
nae is a value of ἐ such that |¢* = t| < ὃ whereas shall Ἢ 
F.(t)| Ξ ε. First F,(t* + 5) > 0, hence there is = ss 
nen = a es 
teger N sufficiently large so that Γι Ξ 0 « Wool < N 
in diate-val n, we may fin 
F\(t* + 6). By the intermediate ie theorem, w 


u,v & [t*, ¢* + 6] such that F,(u) = Wo Γι) = Ν᾽ Since 


et ae | 
u, v > t* we have F,(u) = COS Fy = cos (N + 1)r 


= cos —~ = cos Nx = 1. Thus, if F.(¢*) 2 90, [ (5) 
F,(v) = cos Fo cos Vr 


— F,(u)| = 1 = ¢, whereas if F,(t*) S 0,|F2(t*) — F ‘nH at 
contradicting the continuity of PF at ἐδ. We have sca 
that no path such as F' exists and that therefore our sp 

is not arewise connected. 


Exercises 


1. Prove directly by constructing appropriate paths that εὐ ee 
| ological spaces ἢ", I" (the unit cube), and S*(n > 0) are arc 
connected. 
2. Verify that in a topological space X eS 
(i) if there is a path with initial point 4 and terminal a : 
then there is a path with initial point B and terminal point A, = 
i necti ints A and B and a pat 
ii) if there is a path connecting poin an se 
di points B and C, then there is a path connecting points 
A and (. | ries 
3. The arc component of a point 2 in a topological space X pee τῆς 
of all points of X that may be connected to « by a path in 4. 
Denote this subset by ACmp(x). Verify: 
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(i) for each mi ΞΘ Χ, Ἡ = ACmp(z); 
(ii) for each x, y Ε Α΄, if y Ε ACmp(z), then x € ACmp(y); 


(i) for each x, y, z € X, if y Ε ACmp(z) and z © ACmp ἡ 
then z © ACmp(z): ! 


(iv) for each « © Y, ACmp(z) is arewise connected ; 


(v) if A is an arewise connected subset of Δ΄, then A C ACmp\ ι 
for some x ΕΞ (Χ. 


Figure 18 


(vi) X is arewise connected if and only if ¥ = ACmp(z) fo 
some zr CY. 


4. If A and B are arewise connected subsets of a topological space J 
and A () B # @, then A U B is arewise connected. 


5. If X and ¥ are arewise connected topological spaces, then Y X J 
is arewise connected. [Hint: Given z = (x, y) and 2’ = (x’, y') € 
X X Y, connect (x,y) to (ὦ, y’) and connect (zx, y’) to (z’, ya 
Thus, prove by induction that if X is arewise connected, X* i 
arewise connected. 


the radius on which ρὲ lies and then wt baer pr een 
until γι is reached. If, for the moment, we thi - : oats 
these two paths Ff) and F; as being represente “d hve 
strings with initial point po and terminal Ἀν Pe i fer 
that in a given unit of time it would be possib e to : 
deform the path Fo into the path Fy (keeping Po an Axo " 
throughout the deformation). This deformation mig 


6. Prove that the space Z considered in this section is an examr le 
of a connected space that is not locally connected. 


7 Homotopic Paths 


The collection of points on and between the two concentric 
circles αὐ + y? = 1 and a? + γ᾽ = 2 is called an annulus. It 
is easy to see that this annulus is arewise connected. For 
example, given two points po = (2», yo) and p, = (αι, y;), one 
may construct a path from py) to p, by first traversing the 
radius on which py lies until we reach a point whose distance 
from the origin is the same as that of p, and then traversing 


Figure 19 


carried out so that at time ¢ = ᾧ the string lies over the 


Ϊ 
\ 

; 
iq 


| in a clockwise direction the circular are from this point to curve Γι of Figure 19, at time ἐ = } the string lies — : = 

| p: (see Figure 18). Let us call this path F). Alternately, and at time ¢ = ὃ the string lies over ἔ 84. ι, ΤΡ ΒΕ θὲ Ῥ as 

| one may construct a second path F; from pp to p,, by first ceive of the deformation of the path Fy into the ha , en 
traversing in a clockwise direction a circular arc from pp to being accomplished by constructing an entre i 
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F, for 0 S$ ἐ S 1, such that if ¢ and ¢’ are close then the path 
F, and Fy are “close.” 

The concept of regarding two paths as being “close” im 
plies the introduction of some sort of topology in this set ¢ 
paths. Although this topology might be introduced dire. tlh 
by defining open set or neighborhood in the set of paths, ay 
easier procedure is first to regard the unit of time as a un} 
interval on a line. Instead of viewing the two original pa hi 
Fy and F, as being defined on the same unit interval, let us 
view Fy as temporarily being defined on the homeomorphig 
image J, of the unit interval, where 10 is the set of points (2, 0) 
in the plane with 0 < x < 1 (see Figure 20). Similarly, let us 


P; 


gee ir ἀνα θυίς 
Τα ᾿ rN 


᾿ς 

I t , | Ρ, 

Is 7 r, 
Figure 20 


view F’, as being defined on ἢ, where J, is the set of points 
(z,1),0 S21. For each value of ἐ, ΟΞ ἐ ΞῚῚ, we may 
view the path F, as being defined on the homeomorphic image 
of the unit interval J,, where I, is the set of points (2, ἢ), 
05281. If we have such a situation, we may define a 
function H:I? — X, where J? is the unit square and X is our 
annulus, by setting 


H(z, t) = F(a, t), 
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depicted in Figure 20. Equivalently, if we insist on view- 
as ected 


ing each path, F’, as being defined on the same unit interval J, 
- | 


we may still obtain the same function H by setting 
H(a, t) = F.(2). 
We now introduce the concept of closeness amongst paths by 


requiring that the function H:I° — Χ be continuous. 


| | ths in a topological space X with the 

Definition 7.1 Let Fo, F; be two paths in a topo aie τὸ 

a initial point po = Fo(0) = F (0) and the same A ΝΟ ΦΡῊΣ 

p a F,(1) = Γι). Fo is said to be homotopic to F if there 1s | 
= 


‘continuous function H:I? + αὶ such that 


H(0, t) = po 0sisl, 
H(1,t) = prs 0si?s1, 
H(x,0) = F(z), 05281, 
H(x,1) = Fi(z), 0S2781. 
The function H is called a homotopy from ἔν to ΕἾ. 


In this event we say that the path Fo —— ὡς 
i d points. One may illustrate t | 
the path F, with fixed end poin ee Ἡάρκῳ 
: i pic to F, by-indicating that ὁ 
that a path Εν is homotopic er stb 
i the homotopy H, where the boundary οἱ 
mre Ὁ re 1 with the conditions of Definition 7.1 
‘Figure 21). | x 
= The relation of homotopy between paths satisfies the fol 
lowing three properties. 


a 
Figure 21 


Fy 
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Theorem 7.2 Let ἐὺ, Κι, ἔν be three paths in a topological space X wi h 
the same initial point pp and the same terminal point pr. 


(i) Fo is homotopic to itself. 
(ii) If Fy is homotopic to δ then δ is homotopic to Fo. 


(11) If Fy is homotopic to δὶ and ΕἾ is homotopic to F2 then oF 
is homotopic to F». 


Proof. ‘To show that Fo is homotopic to itself we need only 
define H:P?—X by H(x,t) = F(x). Next, suppose that Fo is 
homotopic to δὶ so that there is a homotopy H/:/2 — X from Fy te 
F,. For each (x,t) € 13, set H’(z,t) = H(z,1— ὃ. Then H’ is 
easily seen to be a homotopy from F; to Fy. To prove (iii), fi st 
let G be a homotopy from Fy to F; and let H be a homotopy from 
Ff; to Fs. We may construct a homotopy from Fy to Fs in stages, 
First, we alter H to a function H’ defined for (x, ¢’) with 1°< τ’ s=@ 
so that G and Π’ together constitute a function K’ defined for (a, 8) 
with 0 =i 2. Finally, we compress K’ to a function Καὶ again 
defined on 1΄. The four diagrams of Figure 22 depict this process. 
To this end let H’(z, t') = H(z, —1),0S5 251,18 =2. We 
then have two functions G and H’, G defined on the subset A = 2 
of the plane and H’ defined on the subset B consisting of the points 
(ὦ, ἢ such that Ὁ S 2S 1land1<i<2. The set A (\ B consists 
of the points (z,1), 0 Ξ ἃ S 1 and therefore we have G(z, 1) = 
F(x), ‘H(z, 1) = H (v, 0) = Κι); that is, G and H’ agree in their 
common domain of definition. We shall now prove a lemma that 
asserts that together G and H’ define a continuous function K’:A U 
BX. 


Lemma 7.3 Let A, B be closed subsets of a topological space Z. Let 
g:A4 — X and h:B — X be continuous functions with the property 
that for z € A () B, g(z) = h(z). Then the function k:4 U B > αὶ 
defined by k(z) = g(z), z € A, k(z) = h(z), z € B, is a continuous 
extension of g and h. 

Proof. Let U be a closed subset of Δ. Then g(U) is a rela- 
tively closed subset of A and, since A is closed, g—(U) is a closed sub- 
set of Z. Similarly, h-'(U) is a closed subset of Z. But (Ὁ) = 
σι ὕγ k“(U), hence k-(U) is closed and k is continuous. 
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Figure 22 


Continuing now with the proof of Theorem 7.2, the function 
ΚΑ), B— X defined by Κ΄ ὦ, ὃ = G(z, ὃ), (2, t) © A, K (2, t) = 
H'(x, t), (x,t) € B is continuous. We finally “compress” Καὶ te the 
function K:12—> X defined by K(z, t) = Κ' (5, 2t), (2,4) € 15. To 
recapitulate, for (x, t) Ε 1 with 0 < ὁ S 3, we have 
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K(x, ἢ = K'(x, 2) = G(x, 2f), Ot S 2, 
whereas for } Ξ ¢ S 1, we have 
Κία, ἢ = Κα, 8) = H(z, 2) = H(z, 2% — 1), 2 St <1. 
From these two equations it follows that K(0, ὁ) is the initial point of 
ἔν and F2, K(1, 4) is the terminal point of Fy and F>, and that Καὶ (x, 0) 
= G(x, 0) = Fo(x), whereas K(x, 1) = H(x,1) = F,(x). Thereforé 


K is a homotopy from Fy to Fz. This completes the proof of The- 
orem 7.2, 


If F is a path that is homotopic to a path G we shall 
write F =G. Theorem 7.2 then states: (i) Fo & Fy: (ii) if 
Fo =F, then Fy =F); (iii) if Fy YF, and F, & F, then 
Fy =F. There are many relations that satisfy similar prop- 
erties. Fcr this reason it is useful to give a common name to 
these relations. 


Definition 7.4 Let 2 be a relation among the elements of some set S. 
The relation R is said to be reflexive if aRa is true for each a ES. 
The relation R is said to be symmetric if for a, ὃ ΕΞ 5, whenever aRb is 
true, then bRa is also true. The relation R is said to be transitive 
if for a, ὃ, ὁ © S, whenever aRb and bRe are ‘true, then afc is true. 


If S is the set of real numbers and akb stands for a < b, 
then R is transitive but neither reflexive nor symmetric. 
Again, if S is the set of real numbers and aRb stands for 
a γέ ὃ, then R is symmetric, but neither reflexive nor transi- 
tive. Of particular interest are those relationships which are 
reflexive, symmetric, and transitive. 


Definition 7.5 A relation R on a set S is called an equivalence relation 
on Κ if R is reflexive, symmetric, and transitive. 


Theorem 7.2 thus states that being homotopic is an equiv- 
alence relation. There may be many equivalence relations de- 
fined on the same set. For example, if S is the set of metric 
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spaces, then both metrically equivalent and topologically equiv- 
alent are equivalence relations. Among topological spaces we 
have discussed the equivalence relation, is homeomorphic to. 
If Ris an equivalence relation defined on a set S, one frequently 
wishes to discuss the collection of elements of S related to 
given element a. 


Definition 7.6 Let R be an equivalence relation defined on a set S and 
leta Ε S. The subset of S consisting of all elements x € S such that 
aRz is called the equivalence set of a and denoted by {a}. 


Lemma 7.7 Let R be an equivalence relation defined on a set S and 
letc, dE S. Ife € {d} then [6] = [d]. 

Proof. Since ec € {d}, we have dRe. Suppose x € [ce], so that 
cRz. Then by transitivity dRz or x € [d]. Thus [c} C {d]. Con- 
versely, suppose y © [d]}, so that dRy. By symmetry cHd, hence by 
transitivity cRy. Thus y € [ὁ] or [d} C fe}. 


Corollary 7.8 Let R be an equivalence relation defined on a set S; then 
the equivalence sets constitute a partition of S. 

Proof. For each a € 8, α € {a}. Thus each equivalence set is 
non-empty and the union of all equivalence sets is S. It remains to 
prove that two equivalence sets are either identical or disjoint. 
Suppose [a] () [Ὁ] + @, so that there is an element ὁ € [a] (ἡ {6}. 
By Lemma 7.7, we have {a} = [c} and [Ὁ] = [6]. Therefore {a} = [Ὁ]. 


Exercises : 


1. Let Fo, F, be paths in a topological space X such that the terminal 
point of Fp is the initial point of F;. Define a function ἢ. Εἰ by 
setting 

Fo: Fi(t) = F(2t), Osts + 

Fy: F(t) = Fi(@@t— 1), $ StS 1. 
Prove that Fo-F; is a path in XY whose initial point is the initial 
point of Fy and whose terminal point is the terminal point of ΕἾ. 
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Let ᾿ς be another path whose initial point is the terminal point 
of F,. Verify that (Fo-F)-F2 τὲ Fo-(Fi-F2), but (Fo: Fi): Fo ἘΞ 
Fo: (F 1+ F 2). 
With Fy and Νὴ as in Exercise 1, let Fp & Go and F, 2 αι. 
Prove that Fy: F' = Gy-G). 
Let X be a topological space and z ΞΕ X¥. The “constant” path 
at 2, ez, is the path defined by 

efi)= 2; Ofte t. 


Let F be any path in X with initial point pp and terminal point 
Pi. Prove that ep -F = F and F-e, = F. 
Let F be a path in a topological space XY. Define a path F-' by 
setting 

F-() = F(l-—i), O0S#38 1. 
Prove that Κ᾽. ἘΠῚ = ep, if ep, is the constant path at the initial 
point po of F and that F-'-F =e, if ep, is the constant path at 
the terminal point of F. 


Let Z be the set of integers. For a non-zero integer n, we say 
that two integers a, b are congruent modulo n if a — b is divisible 
by π. Prove that congruence modulo n is an equivalence rela- 
tion. Describe the equivalence sets and determine how many 
there are. 


Let A, B be subsets of a topological space X and let f:4A -- Z, 


g:B — Z be continuous. Verify that Lemma 7.3 is equivalent 


to the statement that if A, B are closed and the diagram 


eae 


is commutative, where 7 stands for the various inclusion maps, 
then there is a commutative diagram 


Simple Connectedness Sec. 8 


ΑΓᾺΒ 


where k is also continuous. Prove that the same conclusion 
holds if A and B are open. 


8 Simple Connectedness 


In discussing homotopie paths, an equivalence set of homo- 
topic paths is called a homotopy class. Of particular interest 
are the homotopy classes of closed paths; that is, paths with 
the same initial and terminal point. Among these homotopy 
classes there is, for each point z in a topological space, the homo- 
topy class fe], where 6, is the constant path at 2 defined by 
é(s) = 5,0 S851. 

If f is a closed path at a point 2 of a topological space Z, 
and [66 [e.], then a homotopy from f to 6, satisfies the condi- 
tions 

H(z, 0) = f(x), 08281, 


H(z, 1) = 2, 0Os28 1, 
H(0, t) = 2, 6 Ξ ΞῚ, 
H(1,t) = 5, 0g = i. 


Pictorially, H:I* — Z carries the unit square into Z in such a 
manner that along the lower boundary of 1’, H agrees with f, 
whereas all other points on the boundary of J? are carried into 
z, as indicated in Figure 23. In effect, H deforms the closed 
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1 


YY 
££ 
ZZ 


Figure 23 


path 4 into the point z. Intuitively, the possibility of carry- 
ing out this deformation corresponds to the fact that the curve 
traced out by f does not enclose any holes in the space Z. 


Definition 8.1 A topological space Z is said to be simply connected if 
at each point z © Z there is only one homotopy class of closed paths, 
or equivalently, if at each point z € Z any closed path at z is homo- 
topic to the constant path at z. 


Figure 24 
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One can prove that an annulus is not simply connected, 
for, although a closed path such as οἱ (see Figure 24) is homo- 
topic to a constant path, a closed path such as ¢ is not homo- 
topic to a constant path. On the other hand, a disc is simply 
connected. 

To determine whether or not an arewise connected space 
is simply connected, it suffices to examine the closed paths at 
a single point. 


Theorem 8.2 Let Z be an arewise connected topological space and let 
ΕΖ. Z is simply connected if and only if there is exactly one 
homotopy class of closed paths at z. 


The proof of Theorem 8.2 consists primarily of the exten- 
sion of various functions in order to obtain the desired homo- 
topy. Suppose we have two closed paths g and h at a point 
y € Z and we know there is only one homotopy class of closed 
paths at the point z. Since Z is arewise connected there is a 
path f from ztoy. Using g and ἡ, we can construct two closed 
paths gy and ἢ; at z, by spending one-third of the unit interval 
tracing out f, the second third of the unit interval tracing out 
g and h respectively, and the final third of the unit interval 
returning to z along the reversal of f. 


Definition 8.3 Let f:1 — Z be a path in a topological space Z. By 
f-:I — Z is meant the path defined by 


f-® Ξ ΚΙ -- ὃ, tel. 


Let z = f(0) and y = f(1) be the initial and terminal points of f and 
let g be a closed path at y. By gy: 1 — Z is meant the path defined by 


g(t) = f(3t), Osis, 
g(t) = φίϑὲ -- 1), ἐ ΞῈῚῈΞ 8. 
gi) Ξε 1(8 -- 8ὺ, ¢stst. 


The path gy may be viewed as arising in the fashion in- 
dicated by Figure 25, the appropriate paths being defined on 
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Figure 25 


the indicated segments of the unit interval to obtain the 
closed path g;. 

Continuing our discussion of Theorem 8.2, g; and ἢ; are 
closed paths at z. Since any two closed paths at 2 are homo- 
topic, there is a homotopy Καὶ from g; to hy. We may picture Καὶ 
as being defined in accordance with Figure 26. Our aim is to 


utilize this homotopy at 2 to obtain a homotopy L from g to ἢ 
at y. In order to see how the homotopy L is constructed, let 
us view K as being defined on the front face of a cube and 
attempt to define L on the rear face. We shall accomplish 
this end by extending K to a mapping of the entire cube in such 
a way that the restriction to the rear face is the desired homo- 
topy L. To achieve this result, the mapping on the rear face 
restricted to the lower edge must agree with g, restricted to 
the upper edge it must agree with hk, and the vertical edges of 
the rear face must be carried into y (see Figure 27). 

We begin the extension of K to the entire cube by first 
extending A to the four faces joining the front and rear of 
the cube, subject to the restrictions imposed in Figure 27. 


156 


Simple Connectedness Sec. 8 


Figure 27 


First, let us examine how we may prescribe the mapping on 
the base of the cube. So far, on the front edge we have g, 
and on the rear edge we have g (Figure 28a). Let P be the 


(a) 
Figure 28 


point in the plane of this face determined by the intersecting 
straight lines of Figure 28b. If z is any point on the base, 
we map ὦ into g,(x’), where 2’ is the projection of x from P 
on the front edge. There are two facts worth noting about 
this mapping of the base. First of all, this procedure will map 
the rear edge in agreement with g. Second, the restriction f’ 
of this mapping to the two side edges maps these edges so that 
they trace out the same curve as f. A similar procedure re- 
sults in a mapping defined on the upper face of the cube 
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(Figure 380), which agrees with ἢν on the front edge, h on th 


rear edge, and f’ on the two side edges. We now have a fun 
tion defined on three faces of the cube. 

Next, we extend this function to the side faces of the 
cube. Along the boundary of each of these two faces we have 
already prescribed that the mapping agree with f’, the modifiea- 
tion of f obtained in the preceding paragraph, along the bottom 
and top edges, and that the mapping carry the front edge into z 
while carrying the rear edge into y (see Figure 29). If z 


Figure 29 


is any point of this face, we map x into f’(2"), where 2x’ is the 
point of the bottom edge that x lies above. This definition of 
the mapping on the side faces is equivalent to prescribing that 
each horizontal line in the face be mapped in agreement 
with f’. 

We have now extended our mapping to all the faces of 
the cube with the exception of the rear face, as indicated in 
Figure 30. In general, any mapping that is defined on all 
but one face of a cube may be extended to the entire cube. 
The procedure is to project each point 2 of the cube onto a 
point 2’ of one of the faces on which the mapping is already 
defined and let x be mapped into the same point that 2’ is 
mapped into. This procedure is illustrated in Figure 31, 
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Figure 30 


where a mapping has been defined on all faces except the 
face on the left. Each point z of the cube is projected from 
a point Q a unit distance above the centroid to the left face 
onto a point 2’ of one of the remaining five faces. Though 
the analytic expression for this projection is complicated, 
since. there are five distinct regions of the cube that are pro- 
jected respectively onto the five other faces, it is clear that 
the projection or function τί) = 2’ so defined is continuous. 
If J is the set consisting of these five faces and w:J — Z is 
the mapping of these five faces, then the composite function 
W = wr:I*— Z provides the required extension of w. In 
particular, the extension of the mapping defined on the five 


Figure 31 
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faces of the cube of Figure 30 yields a homotopy of g with ἢ 
along the rear face. 

Let us now summarize this discussion in the form of q 
proof of Theorem 8.2. Let the arewise connected space Z be 
such that, at a point z € Z, any two closed paths are homo- 
topic. Given closed paths g and h at another point y € Z, we 
may joinztoy byapathf. The two paths g, and ἢ; are closed 
paths at z, hence there is a homotopy K from g;, to hy. We 
may view this homotopy as being defined on a face of a cube. 
K is then extended to a function K':.J — Z, where J consists 
of five faces of the cube, excluding the face opposite the face 
on which K is defined, and the restriction of K’ to the bound- 
ary of this remaining face carries two opposite edges into ψ, 
whereas it maps the two remaining edges in agreement with g 
and h. Κ' is finally extended to a function K’’:J? > Z ane 
Κ΄ restricted to this last face yields a homotopy of g and h. 
Thus Z is simply connected. 

An Introduction to Algebraic Topology by Wallace is par- 
_ ticularly recommended to those students who wish to investi- 
gate homotopy theory and related topics. 


| 


Exercises 


1. Let X and Y be homeomorphic topological spaces. Prove that 
X is simply connected if and only if Y is simply connected. 

2. Let Z be a topological space, y, z € Z, g and h closed paths at ἡ, 
and fa path from z toy. Prove that g & h if and only if gy & hy. 


3. Let Z be a topological space, y, z ΕΞ Z, g a closed path at y, and 
f and f’ paths from z to y. Prove that f/f’ if and only if 
9s = »». 

4. Let Z be a topological space, y, z ΕΞ Z, and f a path from z to ἡ. 
For each homotopy class {g} of closed paths at y set f,{g} = [,}. 
Prove that f; is a function from the homotopy classes of closed 
paths at y to the homotopy classes of closed paths at z that is 
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one-one and onto. Furthermore, prove that if f’ is a second path 
from 5 to y and f =f’, then fs = fy. 

Let X be a topological space and A a subset of X. A is called 
a retract of X if there is a continuous mapping Τὶ: ἃ — A such 
that r(a) = a for each a ΕΞ A. Prove that if A is a retract of 
X, then every continuous mapping f:4 -- Z of A into a top- 
ological space Z is extendable to a continuous mapping Ε: X — Z. 
Let J be the union of all but one of the (xn — 1)-dimensional faces 
of the n-cube 7". Prove that J is a retract of J". 

Let X, Y be topological space and f, g:X — Y continuous func- 
tions. [15 said to be freely homotopic to g if there is a continuous 
function H:X ΧΙ -- Y such that H(z, 0) = f(x), H(z, 1) = g(z) 
for each x € X [thus the family of functions [ι: Δ — Y defined 
by f(z) = H(a, t) may be thought of as deforming the function f 
into the function g]. Prove that freely homotopic is an equiv- 
alence relation. 

A topological space X is said to be contractible to a point z € X if 
there is a “homotopy” H:X X I—X such that H(z, 0) = 2, 
H(x,1) = zforeachz € X,andH(z, ἢ = zforeachtE J. Prove 
that a space which is contractible to a point is simply connected. 
Prove that for each positive integer n, R" and 15 are contractible 
to a point. 


161 


Compactness 


VW 


1 Introduction 


A closed and “bounded” subset A of the real line R is char- 
acterized by the fact that for each collection (O,).cr of open 
subsets of R such that A C U,e; 0, there is a finite subcollee- 


tion 0 Oxy -++0a, with AC ὦ Ος.. This second property 


is stated in terms that are applicable to any topological space. 
If this property holds in a particular topological space, the 
space is said to be “compact.” The closed and bounded sub- 
sets of A" are precisely the compact subspaces of R*. This 
fact can be either proved directly or established by proving 
that the product of two compact spaces is itself compact. In 
metrizable spaces there is an alternate formulation of com- 
pactness; namely, that each infinite subset has a “point of 
accumulation.” 


Compact Topological Spaces Sec. 2 


Compactness, like connectedness and arcwise connected- 
ness, is a “global” property, in that it depends on the nature 
of the entire space. The advantage in compact spaces is that 
one may study the whole space by studying a finite number of 
open subsets. We shall see this when we prove that a contin- 
uous function f:X — Y from a compact metric space X to a 
metric space Y is “uniformly continuous.” In conclusion we 
shall examine some compact surfaces that may be formed by 
“identifying” edges of a rectangle. 


2 Compact Topological Spaces 


Definition 2.1 Let X be a set, B a subset of X, and (Aa)acr an in- 
dexed family of subsets of X. The collection (Aa)acr is called a 
covering of B or is said to cover B if 


B ς- Weer r. Oa 
If, in addition, the indexing set J is finite, (Aa)acr is called a finite 
covering of Β. 


In the event that B = X, (A.)eer is a covering of X if 
X = Use; Ay. Let X be a topological space and for each 
2 © X let N, be a neighborhood of z Then (Nz)zex is a 
covering of X. For each integer n, let A, = (n,n+1]. Then 
(An)nez, where Z is the set of integers, is a covering of the set καὶ 
of real numbers. Similarly, if for each ordered pair (m,n) of 
integers we let Am» be the set of points (a, a») Ε R? such that 
msusm+1,nSmsntl, then (Amn)immezxz IS ἃ 
covering of R?. As a final example of a covering, let X = R 
and let B = (0, 1]. If we set A; = (3, 2), Ae = (4, 1), 43 = 
(4,4), and in general, for each positive integer x > 1, set 
Ayn = [: " Ss 1 τὶ then (An)nen> where N is the set of 
natural numbers, is a covering of B. 
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Definition 2.2 Let X be a set and let (Aq)acr, (Bs)acs be two coverings 
of a subset C of XY. If for each a € J, A, = Bs for some B € J 


then the covering (Aa)aer is called a subcovering of the covering 
(Bs)pes- 


Thus (A,)aer is ἃ subcovering of (Bs)sc, if “every A, isa 


B;.” In particular, if (Bs)gc, is a covering of a subset C, and J 


is a subset of J such that (Bg)se; is also a covering of C, then 
(Bs) ser is ἃ subcovering of (Bg)scy. Let Q be the set of ra- 
tional numbers and for each ᾳ € Q, set B, = [q,.qg +1]. Then 
(B,)eq is a covering of the real numbers R. If again we let 
Z be the set of integers and A, = [n,n + 1], then (A,)nez isa 
subcovering of (B,),¢e. τ 
Suppose that f:X — Y is a continuous function from a 
topological space X to a metric space Y. Given < > 0, the 
continuity of f gives rise to a covering of X in the following 
manner, For each x € X, given this ε < 0, there is an open 
neighborhood U, of x such that the images under f of all points 
of U, are within ε of f(x), or equivalently, f(U,) C Βα); ε). 
The family (U.)zex of these subsets of X is clearly a covertul 
of X. This covering has the additional property that it is 
composed of open sets. We shall, naturally, refer to such a 
covering as an “‘open”’ covering. | 


Definition 2.3 Let X be a topological space and B a subset of XY. A 
covering (Aa)ecr of B is said to be an open covering of B if for each 
a € I, Aq is an open subset of X. 


Definition 2.4 A topological space X is said to be compact if for each 
open covering (Uq)acr of X there is a finite subcovering (V3) scy. 


᾿ We may alternately define compactness by the statement, 
"x is compact if for each open covering (U,)zcr of X there 
is a finite subset of indices {a, a,...,a@,} such that the col- 
lection U,, U,,..., U., covers X.” | 


164 


Compact Topological Spaces Sec. 2 


Definition 2.5 A subset C of a topological space X 18 said to be compact, 
if Cis a compact topological space in the relative topology. 


A topological space C may be a subspace of two distinct 
larger topologieal spaces X and Y. In this event the relative 
topology of C is the same whether we regard C as a subspace 
of X or of Y, and, consequently, the assertion C is compact 
depends only on C and its topology. We may relate the com- 
pactness of a subspace C of a topological space X to the to- 
pology of X by means of the following theorem. 


Theorem 2.6 A subset ( of a topological space X is compact if and 
only if for each open covering (Uq)acr of C, U, open in X, there is a 
finite subcovering Ua, Ua, .- ++» Uan of C. 

Proof. Let C be compact and let (Uz)acr be an open covering 
of C. Thus CC User Ua, hence C = User (Ua M (ἢ, 80 that the 
family (Ua Ο (κει is a covering of the topological space C by rela- 
tively open sets U,(\ C. Since C is compact, there is a finite col- 
lection of indices {a1,a2,...,@n} such that ὕ M C, Ua, NC, 


.., Ua ΓᾺ € covers C; that is C = U (Ua, (\ ΟἿ. Consequently, 


CC U Ua, 

Conversely, suppose that for each open covering (Ua)acr of C, 
there is a finite subcovering Ua,, Ua, - - +» Ua of C. We must show 
that given any covering of the topological space C by a family 
(Vs)ccs of relatively open subsets of C, there is a finite subcovering. 
For each 8 € J, since Κ΄ is relatively open in C, there is an open sub- 
set Ug of X such that Vg = Us C. But C = Uses Va, therefore 
CC User Ug and (Ug)scu is a covering of the subset C by open sets. 
By our hypothesis, there is a finite subcovering Ug, Us, .--» Us, of 
C.... Thus 


CCU Us and C= (0 Un) AC=0 Un - ᾧ Κρ 


Hence the covering (Vs)sey of C by relatively open sets has a finite 
subecovering Vg, Vas -- -» Ven 
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: Compactness may be characterized in terms of neighbor- 
oods. 


Theorem 2.7 A topological space X is compact if and only if, whenever 
for each x € X a neighborhood N, of z is given, there is a finite 


number of points 21, a, ..., 2, of X such that Y = v Ne 
im 


Proof. Suppose X is compact. Let there be given for each 

« € X a neighborhood N, of x. For each 2x, there is an open set 
U. such that x ΕΞ Uz C N, and consequently the family (U.)zcx is 
an open covering of XY. Since X is compact there is a finite subcov- 
ering U,, Uz, .. > U;,. But Uz, C Nz, for each i, whence N., N; P 
.., Nz, covers X. 
Conversely, suppose that whenever, for each « © Xa neighbor- 
hood N, of z is given, there is a finite number of points 21, t,..., 2, of 


X such that X = υ Nz Let (U«)acr be an open covering of X. Then, 


for each © EX , there isan α = a(x) such that z ΕΞ U,, and therefore 
Ν, = U. isa neighborhood of x. By our hypothesis, there are points 
T1,X2,... 52, Of X such that Nz, = Uaey,i = 1,2,..., n, covers Α΄, 
and hence X is compact. 


In terms of closed sets, we have: 
Theorem 2.8 A topological space is compact if and only if whenever 


a family (F.)cer of closed sets is such that Oacr fg = Ὁ then there 
is a finite subset of indices (αι, a2, ..., a} such that A Ῥω = @. 
inl 


Proof. Suppose X is compact and a family (F.)acr of closed 
sets 18 given such that (εἰ F. = ὦ. Then 
User C(F a) = C(Qer Fa) = X, 
so that (C(Fa) Jeer 18 an open covering of XY. Hence there is a finite 
subcovering (Ὁ), C(Fa,),...,C(Fa,). Therefore 
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Conversely, suppose that for each family (F'2)aer of closed sets such 
that Qecr Fa = @ there is a finite subset of indices αι, a2, ..- 5 Qn} 


such that A Ῥω, = @, Let (Og)scr be an open covering of X. Then 
ἐπὶ ῤ 
(C(Og)) acu is a family of closed sets such that (scr C(Os) = @. Thus 


A C(Ou:) = DB and Oa, Oa - + + » θα, is a finite subcovering. 
im 


The following theorem states that the continuous image 
of a compact set is compact and yields the corollary that com- 
pactness is a topological property. 


Theorem 2.9 Let f:X — Y be continuous and let A be a compact 
subset of Δ. Then f(A) is a compact subset of Y. 

Proof. Let (U.)acr be an open covering of f(A). Thus f(A) C 
U.er U. and consequently A C User f-(U 2) so that (f-'(Ue))aer 18 
a covering of A. Since f is continuous, Κ᾿ {74} is an open subset of 
Χ for each a Ε I and therefore (f~'(U.))acr is an open covering of A. 
A is compact, thus there is a finite subcovering f~'(Ua,), FUG a)»: se 
γι of A. But A Cf-(Ua,) Uf7(U.,) U..- Ufa) im- 
plies that f(A) C Ua, U Ua, U..-U ὕω. (Ua)acr was an arbitrary 
open covering of f(A), whence by Theorem 2.6, we have shown that 


f(A) is compact. 


Corollary 2.10 Let the topological spaces X and Y be homeomorphie. 
Then X is compact if and only if Y is compact. 


Not every subset of a compact space is itself compact. 
We shall see that the closed interval [0, 1] is compact, whereas 
of the open interval (0, 1) is not compact. To show that (0, 1) 
is not compact, it suffices to find one open covering of (0, 1) 
that does not have a finite subcovering. To this end, for 


1 1 
each integer n = 3, 4, 5,..., let Un = (> 1 -- ict ἢ Then 
(U,,)nu34,5,... 18 an open covering of (0, 1). On the other hand, 
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f 7 geste 
or each integer k > 3 we have i od υ U,. Thus the union 


of every finite subcollection of (U,),-345.... must fail to con 

tain some point of (0, 1), and hence there i ‘ finit : ; 

a hoe, s no finite subcover- 
We do, however, have this result. 


Theorem 2.11 Let X be compact. Th : | i 
ραν Ρ en each closed subset of X is 


; Proof. Let F be a closed subset of the compact space X. [If 
(U aac! is an open covering of F, then by adjoining the open set 
OG = C(F) to the family (U«)acr we obtain an open covering (Vg)scy 
of Χ. Since X is compact there is a finite subcovering Vg,, Vs. ᾿ a 
Vs, of X. But each Vs, is either equal to a U, for some a El οἷ 
equal to Ὁ. If O occurs among Vg,, Vz, ..., Vg, we may delete it 
to obtain a finite collection’of the U,’s that covers F = C (0). 


ον Thus, in a compact space, for each subset the property of 
being closed implies the property of being compact. In a 
Hausdorff space, the converse is also true. 


Theorem 2.12 Let XY be a Hausdorff space. If a sul : 
compact, then F is closed. ; ci ΘΟ ΘΈΣΗ 


Proof. We shall show that Ὁ = C(F) is open howi 
for each point z © O there is a Regina Ske U of bp Smtr 
or equivalently, for which U Γ F = @. To this end, with z Ε 0 
fixed, by the Hausdorff property, we may choose for each point a € F 
an open neighborhood U', of 2 and an open neighborhood V, of z 
such that U.(.\ V.=@. The family (V,),<pr is an open pears 
of ἢ. Since F is compact, there is a finite subcovering V,, V : 
ee of Ff. The intersection U = Uz () Uz)... (1\ U, ‘ts an fees 
section of a finite set of neighborhoods of z and is therefore a neigh- 
borhood of z. Furthermore, U cannot intersect F since it does τοὶ 
yoo να ne Ἔ ' V,,..., Vx, of a covering οἱ F. Thus 
, from which it follows i igh 
its points and F = C(O) is prey hon eee 


168 


Compact Topological Spaces Sec. 2 


Although the last two theorems are not precisely converses 
of each other, since the conditions imposed on the space X are 
different, we obtain: 


Corollary 2.13 Let X be a compact Hausdorff space. Then a subset 
F of X is compact if and only if it is closed. 


A significant result that follows from these last two theo- 
rems Is: 


Theorem 2.14 Let f:X — Y be a one-one continuous mapping of the 
compact space X onto a Hausdorff space Y. Then f is a homeo- 
morphism. 

Proof. We define g:¥ — X by setting g(y) = 2 if f(z) = y, so 
that f and g are inverse functions. It remains to prove that g is 
continuous. We shall prove this by proving that for each closed 
subset F of X, g—(F) is a closed subset of Y. Given a closed sub- 
set F of X, by Theorem 2.11, F is compact. Hence f(F) = g7'(F) is 
a compact subset of Y. By Theorem 2.12, g™'(F) is a closed subset 
of Y. Thus, g is continuous and f is a homeomorphism. 


Theorems 2.11 and 2.12 will be extremely useful in proving 
the main result of the next section, namely, that a subset of 
the real line is compact if and only if it is closed and “bounded.” 
Since the real line is a Hausdorff space, Theorem 2.12 immedi- 
ately implies that a compact subset of the real line is closed. 
Furthermore, the family of open intervals (Un)n=123,... Whiere 
U, = (—n, n), is an open covering of each subset F of the real 
line. In the event that F is compact, it is covered by a finite 
subeovering of (Un)n=1,23,... and hence “bounded”; that 1s, 
contained in (—K, K) for a sufficiently large K. Thus,, the 
“only if’? part of this theorem is easily derived. With regard 
to the “if”? part, that is, a closed and bounded subset of the 
real line is compact, we shall use the results of this section to 
reduce the proof to the particular proposition that the unit 
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interval [0,1] is compact. The basis for this reduction is the 


reasoning: a closed and bounded subset F of the real line is a 


closed subset of a sufficiently large closed interval [—K, ΚΙ. 


Thus, to prove F is compact, it suffices, by Theorem 2.11, to. 


prove that [—K, K] is compact. But [—K, K] is homeo- 
morphic to [0, 1]; thus it suffices to prove that [0, 1] is compact. 


Exercises 


1. Let B= (0,1). Set Ai = (4,2) and 


; Te. 
4, = (—t>—1) 


for each integer n > 1. Prove that (A,x)ncw is an open covering 
of B, where N is the set of natural numbers, and that no finite 
subset of (A,)new covers B. 


2. Let F:[{a,b] — [6, 4] be a continuous increasing function such 
that f(a) = ¢, f(6) = d. Prove that f is a homeomorphism. 


3. A subset F of R” is said to be bounded if there is some positive 
number K such that for each x = (x, 22,...,2,) Ε F, [αἰ S$ Καὶ 
for? = 1,2,...,m. Assume that the unit cube 15 is compact and 
using this assumption prove that a subset F of R* is compact if 
and only if it is closed and bounded. 


4. Let X be compact and f:X¥ — R continuous. Prove that F(X) 
is closed and bounded. Let M be the least upper bound of f(X) 
and m the greatest lower bound of f(X). Prove that there are 
points 2, ὧς in X such that f(a) = M and f(22) = m. 


Prove that every finite subset of a topological space is compact. 


6. Let (Uz)acr be an open covering of [0,1]. Define a subset P of 
(0, 1] as follows: a point 2 is in P if and only if there is a finite 
collection Uz, Ua, ..., Ua of elements of (U,)acr that covers 
[0,2]. Prove that if « € P, then there is a neighborhood 0 of z 
such that O C P and that therefore P is open. Prove that if 
x & P, then there is a neighborhood O of x such that O \P=@ 
and therefore P is closed, Conclude that P = [0,1] and that 
therefore [0, 1] is compact. 
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γ. Let X bea topological space. A fimily (Fa)acr of subsets of αὶ 


is said to have the finite intersection property if for each finite 
subset J of 1, Qacs Fo τέ @. Prove that X is compact if and 
only if for each family (F'a)ecr of closed subsets of X that has the 
finite intersection property, we have Maer Fa # Ὁ. 


3 Compact Subsets of the Real Line 


Definition 3.1 A subset A of the real line is said to be bounded if 
there is a number K > 0 such that for each xz € A, lz| s K. 


Thus A is bounded if and only if A is contained in some 
closed interval [—K, K], Καὶ > 0. In particular, each closed 
interval [a, 6] is bounded, for if K = maximum {[α], |b\} then 
[α, Ὁ] C [—K, K]. 


Theorem 3.2 A subset A of the real line is compact if and only if 4 
is closed and bounded. | 

Proof. First, suppose A is compact. The real line satisfies the 
Hausdorff axiom, so, by Theorem 2.12, A is closed. For each posi- 
tive integer n, let Ὁ, = (—n, ἢ). R = U,en On, where ἃ is the set 
of natural numbers. Therefore (O,)ncv 18. an open covering of A. 
Since A is compact, A C On UOn,U.-- U On, If we set k = 
maximum {n), ἤν. ἦν 4g then On, C O, fori = 1,2,...,9q, whence 


ACO, = (—k,k). Thus A C [—4, k] and A is bounded. 


To prove the converse, we first establish the following 


special case: 


Lemma 3.3 The closed interval [0, 1] 15 compact. 

Proof. Let (Oa)acr be a covering of [0, 11 by open sets. Assume 
that there is no finite subcovering of ({ }α)αει- In this event, at least 
one of the two closed intervals [0, 4] or [4, 1] cannot be covered by 
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a finite subcollection of the family (O,) Le 
( ( Va) «Εἰ. t [a,, δι] denote ᾿ 
these two intervals of length ἃ that cannot be need se ace 


subcollection of the family (O,)acr. We ae 
val [a, δι] into the two mibokbe vals may now divide the inter- 


on 
[Ἐξ δι] 


of length } and assert that at least one of these two i n 

be covered by a finite subcollection of the family “agin Taw, δ 

erg one of these two intervals of length } that has the prenallll 

> t it cannot be covered by a finite subcollection of the family 
«)act- We shall now proceed to define a sequence (ao, bo], (a1, br] 

(a2, be], -.-, [ns bn], ... of such intervals. Assume that for r -- 0 Ἰ, 

ἄγνος ἢ we have defined intervals [a,, b,] such that: Ἢ 


1. [ao, bo] = [0, 1]; 


and 


2. by — a = ὅς ἴου τ = 0,1,...,0; 


3. for r= 0,1,...,n—1, either [a,41, b.4:] = | ar, 5 Ὲ τὰ or 


| ῷ 
[ἀ,..ὕ» ν,.4] = em Ρ, |; 


4. for each r = ) : | 
“ae r=0,1,...,m, no finite subcollection of (0,) eer Covers 


We then define [any1, bass) i sllowi 
πεῖν. On+1| IN the follo | j ' 
at least one of the two se ον RES Sees ae 


} On + b, a, ΠΗ b,, 
a, 9 } | Sat, b, | 


cannot be covered by a finite subcollection of (0,)acr. Denote Ὁ 

[any bn+1| whichever of these two intervals cannot be covered b ? 
finite subcollection of (Oa)acr, (if neither can be, we may agree that 
[4n41» bn+:] is the first of the two). Then conditions (2), (3), and (4) 
will also hold for (an4:, bn4i]. It follows by induction that we may 
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define a sequence [ap, bo], (a1, i], [a2 by], .. . of such intervals for 
which conditions (1) through (4) are true. 

By conditions (3), dn S ἀν S buy S bn. It follows that for 
each pair of positive mtegers m and n, αν S b,. Thus each ὃ, is an 
upper bound of the set {do, αι» Ga, - - δι Let a be the least upper 
bound of this set. Then a S 6, for each n, and hence a is a lower 
bound of the set {bo, δι» be, .. .}. Let b be the greatest lower bound 
of the latter set. We therefore have a 3 b. But, by the definition 
of a and b, we must have a, S a Sb Ξ 4, for each n, whence by 


condition (2), ὃ -- α 5 ᾿ for each n and we conclude that a = ὃ. 


We are now in a position to obtain a contradiction to condition (4), 
from which it will follow that our assumption that there is no finite 
subcovering of [0, 1] is untenable. 

(O.)acr covers [0, 1] and a = b € [0,1]. Therefore a € Os for 
some 6 EI. Since Og is open there isane > 9 such that S(a;¢) C Os. 
Let us choose the positive integer N large enough so that i « ε. 
Then by -- αν 4ε. Nowa = ὃ Ε ἴαν, ὃν]. Therefore,a — ἂν < 
=i <eandb — by < - « ες. Consequently, [ay, by] C S(a;¢) C Og. 
Thus fay, by] may be covered by a finite subcollection (namely, one!) 
of the family (O.)acr. ‘Therefore the assumption that no finite sub- 
collection of (Oa)acr covers [0, 1] leads to a contradiction and we must 
conclude that [0, 1] is compact. 


It can be seen that the gist of the above argument is that 
+f no finite subcollection of (O.)acr covers [0, 1], then no finite 
subcollection of (O.)acr covers a sequence of subintervals 
whose lengths approach zero, whereas on the other hand if the 
length of one of these subintervals is small enough it is con- 
tained in some Oy. 

Since each closed interval [a, Ὁ] is homeomorphic to the 
closed interval [0, 1] and compactness is a topological property, 
we obtain: 


Corollary 3.4 Each closed interval [a, δ) is compact. 
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We now return to the part of Theorem 3.2 in which ve 
prove that, if A is a closed and bounded subset of the real line, 


then A is compact. 


Since A is bounded and closed, A is a closed subset of a closed 
interval [—K, K]forsome Καὶ > 0. But [—K, Klisa compact space 
and therefore, by Theorem 2.11, A is compact. The proof of The- 


orem 3.2 is thus completed. 


Exercises 


that the unit n-cube 7515 a compact subspace of R*. 


2. Let X be a compact space and (F,,)n<123,.... a sequence of non- 
empty closed subsets of X such that F,,, C F,foreachn. Prove 
that [ωἹ F,, ee 0. 

3. Let [:|α, Ὁ] -- R be continuous. Prove that the set {{[α, b)) has” 


both a least upper bound M and a greatest lower bound m and 
that there are points τι, v ΕΞ [a, Ὁ] such that f(u) = M, fv) = m 


4 Products of Compact Spaces 


The fundamental result of this section is that the product οὗ 


two compact spaces is itself compact. We shall establish 
this fact with the aid of the next lemma, which relates com- 
pactness to coverings by members of a base for the open sets. 
Let us recall that a base for the open sets of a topological 
space Z is a collection @ of open subsets with the property that 
each open subset of Z is a union of members of the collection ὦ. 
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| | i of a topological space Z. 
Lemma 4.1 Let @ be a base for the open sets o 
If, for each covering (Β,)ρε. of Z by members of ὦ, there is a finite 


 subeovering, then Z is compact. 


Proof. We must show that, if each covering of Z by ὩΣ 
open sets has a finite subcovering, then each open covering "ἘΞ 
of Z has a finite subcovering. For each ας TI, Oa isa eter τ 
bers of ὦ. Let J be an indexing set for all ge sr πρὶ ἐν σῷ pon 
j pression of some QO, as a union of mem 
. bore \scy Bs and hence (Bs) ses is a covering of ac aod 
bers of ὦ. It follows from our hypothesis that there is en — 
covering B,,, By...» By, of Z. Since each B,. occurs in . ee P ig 
sion of some Oa. %i E I, asa union of members of 8, B,, Ξ 0a, Rex 
sequently, Oa, Oa ++ +> Oz, must cover Z and therefore Z is compact. 


Lemma 7.1 of Chapter ΠῚ states that if X and Y = 
topological spaces, then a base for open sets of x xr is . 
collection of sets of the form U X V, where U is open in 4 
and V is open in I. 


Theorem 4.2 Let X and Y be compact topological spaces; then X X Y 
is compact. 

Proof. By virtue of Lemma 4.1 it suffices to prove ἘΝ κὸν 
covering of X X Y by sets of the form UX V, U open > 7 abe se 
in Y, has a finite subcovering. Let (Ua X V a)oer ‘a moe ~~ ξ; 
As an aid to understanding = proof, gaya : εἰ τὸ ΨΑ nal 

i in Figure 32, where a point (2, | 
ual ss = x aa level with the point y € ¥. In particular, Ων 
με τ᾿ xo ΕΞ X, the subset Y2, of X X FY consisting of all points (ao, ¥)s 
ye Υ, may be thought of as the collection of points lying _— 
The open covering (Ua X Va)acr is necessarily an open sds gd : 
Y,. But Y,, is homeomorphic to F and hence ag ee e oa 
therefore find a finite subset I,, of J such that (ὕ Χ gi 
ers Y,. [this finite covering of Υ, is portrayed by the = a 
tangles in Figure 32]. We may also assume that 2 e γε ΟΥ̓ + 
Bel ᾿ for otherwise we may delete Us X Vp and stil is ἐν 
The sat Uz = (ely U, is a finite intersection of open se 
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Υ μὴ 


Uy 
Ya 


Figure 32 


ΤΡῚΣ Xo and is therefore an open set containing 2». We assert 
᾿ at (U. an Va)aer, is an-open covering of Ul Χ Y. For, supe | 
y) € U3, X F. The point (τυ, y) is in Us X Vp for some 6 E I ᾿ 
ince z € ὕξ, ὦ € Ug foralla ΕΞ 11... It follows that (x, y) € U, Ἢ 
Vs, δ. I», proving our assertion. ce ἫΝ 
ow ({}2}Εχ is an open coverin 

2 . g of th | ace ¥ 

hence haere is a finite subcovering Ut, Ut, r me ἃ. 4 
Ἧς ἣν ΗΝ τ I, U I, AF ao. U I,, and show that the finite fami 
εἷς . α)α ΕἸ" is a covering οὗ X X Κ, Given a point (2, y) © 
a ον, :-Ε Uz, for some z; so that (z, y) € U3, X Y. By our 
ἀρ γι assertion (x,y) ΕΞ Us X Κρ for some βὶ ΕΞ I,, which certainly 
tablish baal ay Ε U, X Va for some a ΕΞ I*. We have thus es- 

Lablisnes t a X Vala 1 nite : | ae 
βὰς τ Ὁ ook lig Κα) ει.» is a finite subcovering and that therefore _ 


If X,, Xo, ee X, are topological spaces, one may distin- 
guish betwee i TI X,)x. 
wt n i A; and (ir xX : Χ X,, for the points of the 
rst space are n-tuples (2, x» .»2,), whe t i | 
) » %,...52n), Whereas the points of 
the second space are ordered pairs ((2;, 2, .. . , ν...}, as whose 


first 
ἐπα elements are (x — 1)-tuples. Nevertheless, these two 
paces are certainly homeomorphic [the obvious homeomor- 
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phism carries a point (21, 22, - - +n) into ((St1y Lays + 9 Bn—t)s 


z,)], hence by induction on n we obtain: 


Corollary 4.3 Let Xi, X2,..-,Xn be compact topological spaces. 


Then ll x ; is also compact. 


Let us recall that the unit n-cube 1" is the subset of R” con- 


sisting of all points x = (2ι, 2, .+-> z,) such that 0 S σι S 1 
fori = 1,2,...,7. Asasubspace of ἢ", I has the same to- 
pology as the product space I1X1X...XI1(n-factors). Since 


I = [0,1] is compact, as a special case of Corollary 4.3 we 
have: 


Corollary 4.4 The unit n-cube 1" is compact. 


As a generalization of boundedness on the real line we 
make the following definition. 


Definition 4.5 A subset A of R* is said to be bounded if there is a real 
number k > 0 such that for each point z = (σι, ἄν -.+3%n) CA, 
lz, S kfori = 1,2,..-,%. 


Let 0, = (0,0,...,0) be the origin of R". To say that 
a subset A of R* is bounded is equivalent to the assertion that 
AC S(0,, K) for some Καὶ > 0. 


Theorem 4.6 A subset A of R* is compact if and only if A is closed 
and bounded. 

Proof. The proof that if A is compact then A is closed and 
bounded is similar to the proof of this fact for a subset of the real 
line as presented in the preceding section. Conversely, we shall first 
show that each closed “cube” is compact. The collection of points 
a = (21, Ha, . ++» Xn) in R* such that |z,| S Καὶ for 7 = 1,2,...5% 
which we shall denote by Mx, is a “cube” of width 2K with center 
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at the origin. Mx is homeomorphic to the unit n-cube I", for the 
function F:/" + Mx defined by 


F(x, Uo, + « 


.», 1.) = (Και — Καὶ 2Kx, — K,...,2Kz, — K) 
is easily seen to be a homeomorphism (Theorem 2.14). Since J* jg 
compact, Mx is compact. Now suppose A is closed and bounded; 


then A is a closed subset of the compact cube Mx for some K, whence 
A is compact. 


Exercises 


I. Let S be the set [0, 1] and make the definition: a subset F of § 
is closed if it is finite. Prove that this definition of closed set 
yields a topology for S. Show that S with this topology is con- 
nected, arewise connected, and compact, but that S is not a 
Hausdorff space. Show that each subset of S is compact and 
that therefore there are compact subsets of S that are not closed. 

2. A topological space X is said to be locally compact if each point 
« © X has at least one compact neighborhood. Prove that the 
real line and R” are locally compact. 


3. Let X be a topological space and x* a point of X. Assume a base 
for the system of neighborhoods of x* consists of the comple- 
ments of compact subsets of XY — {x*}. Prove X is compact. 
Prove that if in addition X — {x*} is a locally compact Haus- 
dorff space, then X is a compact Hausdorff space. Given a 
locally compact Hausdorff space Y, show that Y is a subspace of 
a compact Hausdorff space that contains one more point than 
Y does called the one-point compactification of Y. 


5 Compact Metric Spaces 


A metric space (X, d) is said to be compact or is called a com- 
pactum if its associated topological space is compact. In this 
section we shall derive certain properties of compact metric 
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spaces. A basis result is that a metric space is compact if and 


only if every infinite subset has at least one “point of accu- 


mulation.” 


7 i | ἃ Aa subset of X. A 
Definition 5.1 Let X be a topological space and 
point a € X is called an accumulation point of A if each neighborhood 
of a contains infinitely many distinct points of A. 


In referring to the accumulation points of a set A, care 
must be taken to specify of which topological space A is to - 
considered a subset. For example, in the real line R, the sub- 


11 z, } has the accumulation point 0, 
set A = {1 = eis: 


eer t A has 
whereas in the topological space (0, +2), the same se 
o accumulation points. ἫΝ Δ 
1 A seemingly weaker characterization of accumulation 
point may be used in a Hausdorff space and, consequently, 
also in a metric space. 


Lemma 5.2 Let X be a Hausdorff space and A a subset of x . Apoint 
a ΕΞ X is an accumulation point of A if and only if each neighborhood 
of a contains a point of A distinct from a. 

Proof. The “only if” part of the theorem is immediate. a 
pose, conversely, that a is not an accumulation point of A, Then 
there is a neighborhood N of a that contains at most a finite sce 
fay, dz, «νον Gy} of points of A distinct from a. For each of these 
pane a;,i = 1,2,..., p, we can find neighborhoods U; of a and 
neighborhoods V; of a, such that U; (ἢ V;=@. Then N n U; 
Us()...() Ὁ, is a neighborhood of a that contains no points of ! 
other than possibly a. The proof of the “if” part of Lemma 5.2 is 
now complete. 


As suggested in the above argument, whether or not : 
point a is an accumulation point of a subset A does not depen 
on whether a is a point of A. In fact, it is a direct conse- 
quence of the definition that a point α is an accumulation 
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point of a subset A if and only if @ is an accumulation point 
of A — ja}. If N is a neighborhood of a point a, the subset 
N — {a} is called a deleted neighborhood of a. Lemma 5.2 
thus states that in a Hausdorff space a point a is an accumu. 
lation point of a subset A if and only if each deleted neighbor- 
hood of a contains a point of A. A point ὃ € A that is not 
an accumulation point of A must therefore possess a neigh- 
borhood W such that WO A = [Ὁ]. Such a point is called 
an wsolated point of A. 

For metric spaces the distance function may be used to 
characterize accumulation points. 


Lemma 5.3 Let A be a subset of a metric space (2,¢). A point 
a € X isan accumulation point of A if and only if d(a; A — {a}) = Ὁ. 


Proof. If d(a; A — {a}) > 0 then choosing ε so that 0 «ες 
d(a; A — {a}), S(a; 2) () A is either empty or {a} and hence ais not. 
an accumulation point of A. Conversely, if a is not an accumulation 
point of A then there is a neighborhood N, and hence a spherical 
neighborhood S(a; ¢), which has no points in common with A — {a}. 
Thus d(a; A — [α}} >e>0. 


Theorem 5.4 Let X be a compact Hausdorff space; then each infinite 
subset A of X has at least one point of accumulation in Δ΄. 


Proof. We shall prove that, if a subset Καὶ of X has no aceumula- 
tion points, then K is finite. Since K has no accumulation points, for 
each point x © X, we can find a neighborhood N, of x such that 
either N. ἢ Καὶ = @ or N.(\ K = {x}. X is compact, hence there 
are points 2, 2, ..., tm» such that Nz, Nz,..., Nz, cover X. It 
follows that Καὶ C {2, 22,...,2m} and Καὶ is finite. 


In the event that Theorem 5.4 is used where X is a com- 
pact subspace of a larger topological space, it is important to 
realize that the theorem states that the accumulation point is 
in Α΄. In particular, if X is a closed and bounded subset of 
R", so that X is compact, each infinite subset A of X has an 
accumulation point in X. 
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We have now proved half of the theorem that states that 
a metric space is compact if and only if each infinite subset 
has a point of accumulation. The next lemma will be needed 
to prove the other half of this theorem. 


Lemma 5.5 Let (X, αν) be a metric space such that every infinite subset 
of Y has at least one accumulation point in XY. Then, for each posi- 
tive integer n, there is a finite set of points 27, v3, ..., rp of X such 
that the collection of open spheres 


1 l 
8 (1:3) 5 (24:7), isd (23:5) 
covers X. 


Proof. Suppose there were an integer n such that no finite col- 


lection of spheres of radius 2 covered X. Choose a point τὶ Ε X. 


S (x : *) certainly does not cover X, hence there is a point 22 € X 
᾿ | 
such that 2. ¢ 8 (ει: εὖ; 5 (2: ᾿Ὶ US (xs *) does not cover A, 


Ξ 7 1 a‘ . 1 i 
hence there is a point zs © X such that ay Ε 5 (οι: :) US (x: 1) 


Continuing in this way we may construct a sequence 2, 42, . «ν΄», Tks 
... of points of X such that for k > 1, 


k—1 1 
τ 4 U8(*05) 
Thus ' 
d(xx, Xe) = Ἶ 
if k< κ'. It follows that the set {11»ν 22,...,2%,...} 1S infi- 
nite and therefore has a point of accumulation z © X. Therefore 


τ μὰν ταν ΡΣ Ἣ 
the neighborhood ἣ («: 2) contains infinitely many points of 


{χι, ἄν εν 44, .. .} and in particular contains two points 2%, % with 
1 ‘ ) ope 
k xk’. Since ραν ES (=: ra we obtain the contradiction 


1 
d(x, Xr) «ς "ἢ 
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A similar argument yields the following result. 


Lemma 5.6 Let (X,d) be a metric space such that each infinite subset. 
of X has at least one point of accumulation. Then for each open 
covering (O.)acr of X there is a positive number ¢ such that each open 
sphere S(x;¢) is contained in an element Og of this covering. 

Proof. We shall suppose the result is false and obtain a con- 
tradiction. If the lemma is false, for each n = 1, 2,... , there is an 


open sphere S (0 4) such that S (2 *) Z O.foreacha EI. Let 


7 
A= (a, t,...5. If A is finite, some point x € X occurs infinitely 
often in the sequence 2, t,.... Since (Oz)acr covers X, x ΕΞ Og for 
some 8 € I. Also, Og is open, hence there is a 6 > 0 such that. 


S (x; 8) C Og. We may, however, choose n so that - < édand z, = 2, 
in which case S (= =) = § (2: Ἵ C Os, a contradiction. There 
remains the possibility that A = {x, a, ...} is infinite. Thus A has 
at least one point of accumulation x. Again « ΕΞ Og for some 6 € I 
so that S(x; δ) C Og for some ὃ» 0. There are infinitely many 


points of A in the neighborhood S (2: ὃ ofz. Hence we may choose 
an 7 such that is < ond τ. ΕΑ (2: ᾿ δ then have S (« : C 

ἃ 2 "“" 
δία; δὴ) C Og, which is again a contradiction. 


The number ¢ of Lemma 5.6 depends on the particular 
open covering (0,)4cy considered. Given the open covering 
(O.)aer, if the number ε has the property that for each z € X, 
S(x;e) C Og for some 8 € 1, then each number ¢’ with 0 < ε΄ << 
also has this property. The least upper bound of the set of 
numbers having this property is called the Lebesque number, 
ez, of the open covering (O.)ac;. We may now state: 


Corollary 5.7 Let (X,d) be a metric space such that each infinite sub- 
set of X has an accumulation point. Then each open covering 
(Ou)acr of X has a Lebesque number ¢,. 
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A topological space X is said to have the Bolzano-W ever- 


strass property if each infinite subset of X has at least one 


point of accumulation. We may now prove that every metric 
space that has the Bolzano-Weierstrass property is a compact 
metric space. 


Theorem 5.8 Let (X,d) be a metric space that has the property that 
every infinite subset of X has at least one accumulation point. 
Then X is compact. 


Proof. Let (O2)acr be an open covering and let εἰ, be its Lebesque 
number. Let us choose n so that : <e,. By Lemma 5.5 there is a 
finite set {x1, %2,..-, 2p} of points of X such that the open spheres 
8 (x: +), S (2s z). Pee yas (2, *) cover X. Furthermore, by 
Lemma 5.6, for each i = 1,2,..., p, there is a 8; Ε J such that 
5 (ε:: ἢ C Oz, It follows that the collection ὁ... Os, « «+» Og, isa 


finite subeovering of (Oa)acr. 
We have now proved the main result of this section. 


Theorem 5.9 Let (X,d) be a metric space. Each infinite subset of X 
has at least one accumulation point if and only if X is compact. 


Having proved that a subspace X of Euclidean n-space ἢ 
is compact if and only if it is closed and bounded, we may 
state: 


Corollary 5.10 Let X be a subspace of R*. Then the following three 

properties are equivalent. 

1. X is compact. 

2. X is closed and bounded. 

8. Each infinite subset of X has at least one point of accumulation 
in X. 
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The existence, for each open covering of a compact metric 
space, of a Lebesque number has as a consequence the fact 
that each continuous function defined on a compact metric 
space is “uniformly” continuous. 


Definition 5.11 Let f:(X,d)— (Y,d’) be a function from a metric 
space (X, d) to a metric space (Y,d’). f is said to be uniformly con- 


tinuous if, for each positive number ε, there is a 6 > 0, such that — 


whenever 
d(x, y) < 6, 


d'(f(z), f(y)) « ε. 


then 


If the function g:X — Y is continuous, then for each 
« € X and each « > 0, there is ad > 0, where 6 may depend 
on both the choice of x and ¢, such that d(x, a) < 6 implies 
d'(g(x), g(a)) <«. If, however, g is uniformly continuous, 
then given < > 0, the number ὃ may be used, at each point 
1 € X, that is, uniformly throughout X, to yield d’ (g(a), g(a)) 
« εἰ d(z,a) <6. Thus: Ss 


Corollary 5.12 If f:X — Y is uniformly continuous, then f is con- 
tinuous. 


On the other hand a continuous function need not be uni- 

formly continuous. As an example, consider 7: (0, 1] — R de- 
: | x 

fined by f(x) = = Given ε = 1, we shall show that there does 


not exist a 6 > θ such that |x — y| < ὃ implies | f(x) — f(y)| « 1. 
For given any 6 > 0 we can choose n large enough so that if 


ee See 
CNY 


n-+- 1 


we have 


ie eek Se ea 
ἜΤ πὰ ἢ Ὁ 


"Ὁ. - “(1 ὴ)- " 


whereas 
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In view of the next result, it should be noted that in this exam- 
ple the interval (0, 1] is not compact. 


Theorem 5.13 Let f:(X,d) — (Y,d’) bea continuous function from a 
compact metric space XY to a metric space Y. Then f is uniformly 
continuous. 

Proof. Given > 0, for each x € X, there is a 6, > 0 such that 
if y Ε S(a; δι) then f(y) Ε (2): =). The collection (S(z; δ:)): εχ 
is an open covering of X. Since X is compact, this open covering 
has a Lebesque number. Let us choose 6 to be a positive number 


less than this Lebesque number. If 2, σ΄ € X and d(z, 55) < ὃ 50 that 
z and 2’ are in a sphere of radius less than δ, we have z, 2’ € δία; δι) 


for some x © X. Consequently, f(z), f(z’) Ε 8 (τ: δ) whence 
d'(f(z), f(z’)) Ξ a'(f@), f(@)) + UF), FE) « ε. 


Exercises 


1. Let A bea subset of a Hausdorff space. Let A’ denote the set 
of accumulation points of A and A‘ denote the isolated points of 
A. Provethat A = A’ Ai, 4' Γ Αἱ = @. 

2. Ina metric space (X, d), a sequence aj, a2, .. . of points of X is 
called a Cauchy sequence if for each ¢ > 0 there is a positive in- 
teger N such that d(an, am) < ¢ whenever n,m > N. A metric 
space X is called complete if every Cauchy sequence in X con- 
verges to a point of Δ. Prove that a compact metric space is 
complete. 

3. In Euclidean n-space R", prove that every Cauchy sequence lies 
in a bounded closed subset of R". Use this fact to prove that ἢ" 
is complete. 

5. Let (X, d) bea compact metric space. Prove that X is “bounded 
with respect to d”; that is, there is a positive number K such 
that d(x, y) Ξ Καὶ for all x, y € X. 

5. Let (X,d) be a compact metric space and let (F.)acr be a family 
of closed subsets of X such that («εἰ Fa = @. Prove that there 
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is a positive number ὁ such that for each x ΕΞ X, d(x, F,) = ὁ for 
some a € 7. a 


6. A subset A of a topological space X is called dense if A = X, 


Let X be a compact metric space. Prove that there is a sequence 


a), d2,...0f points of X such that the set A = {a,, a2, ...} is 
dense in X. | 


7. Let X be the set of continuous functions f:[a,b]—R. Let 
I:X—R be defined by I(f) = [ ° f(t) dt. Define a distanes 
function d on X by setting d(f,g) = L.u.b. [{(Ὁ — g()|. Prove 
that J is uniformly continuous. Let fate ... be a Cauchy se- 


quence in (X,d). Prove that for eacht ΕΞ [a, δ], fi(t), fo(t), .. . is 


a Cauchy sequence of real numbers. For each t € [a, δ], denote 
by f(é) the limit of this sequence. Prove that the function 
f:[a, ὃ] + R so defined is continuous, that lim,f, = f in X, and 
therefore (X, d) is complete. Prove that (X, d) is not compact. 


6 Compactness and the Bolzano- 
Weierstrass Property 


Theorem 5.9, which states that a metric space is compact if 
and only if each infinite subset has at least one accumulation 
point, raises the question as to whether or not these two prop- 
erties are equivalent in an arbitrary topological space. We 
already know that in general the first property implies the 
second. Since there are examples of topological spaces that 
are not compact, but in which each infinite subset has a point 
of accumulation, compactness is the stronger of the two prop- 
erties. We might therefore think of the second property, 
which we have called the Bolzano-Weierstrass property, as a 
weaker type of compactness. To illustrate how much weaker 
the Bolzano-Weierstrass property is, we need to introduce the 
concept of countability. | 
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Definition 6.1 A non-empty set X is said to be countable if there is an 
onto function ΓΝ — X, where N is the set of positive integers. 


A finite set XY = {a1, a, ...,2n} is countable, for we may 
construct an onto function f:N > X by setting f(t) = zi, 
1 <i Ξ n,and defining f(z) for ὁ > n arbitrarily, say f(z) = δι, 
i> n. Accountable set that is not finite is called denumerable. 
In this case an onto function f: N — X gives rise to an ““enumer- 
ation,” 2, = f(1),a2 = f(2),..-.an = f(n),. . . of the elements 
of X, so that we may write X = {2,22,...5%ay-- +}. Since 
we have not required the function f to be one-one, a given ele- 
ment « © X may occur more than once in this enumeration. 
It is easy to see, however, that by deleting all but the first 
occurrence of any element « € X and reducing the succeeding 
subscripts accordingly, it is possible to obtain an enumeration 
of X in which each element occurs one and only one time. 

There are several facts about countability that are of 
general interest. As a simple consequence of Definition 6.1 we 
obtain: 


Corollary 6.2 Let X and Y be non-empty sets. If X is countable and 
there is an onto function g:X — Y, then Y is countable. 

Proof. Since X is countable, there is an onto function f:N — X, 
N the set of positive integers. The composite function gf:N — ¥ is 
onto and hence Y is countable. 


Corollary 6.3 A non-empty subset of a countable set is countable. 

Proof. Let A C X, X countable, A non-empty. We may de- 
fine an onto function g:X — A by setting g(a) = α for a € A and 
defining g arbitrarily for points αὶ ¢ A. 


The set N of positive integers is countable, since the 
identity function i:N — N is onto. On the other hand, the 
collection 2% of subsets of N is not countable, since for an 
arbitrary set X there is no onto function f:X — 2* [see Exer- 
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cise 1]. A set that is not countable is called uncountable, — 


Another example of an uncountable set is the set R of real 
numbers [see Exercise 2]. Surprisingly, N Χ N is a countable 
set. | 


Theorem 6.4 Let N be the set of positive integers. Then N X N jg 


countable. 


(1, 1) (1, 2) (1, 3) ees (1, n) oe @ 
(2, 1) (2, 2) (2, 3) eee (2, n) eee 
(31) Ὁ) @8) 2... Ga). a 


Figure 33 ; : : : ; x ; : 3 ¢ 
(m,1) (m,2) (m3) 22. (mn) 2... 


in the form of a sequence, 2 = 1{1}, ἂς = f(2) z 
: : 4 Ὰ Ἧι " pee eg δ = Ἀν. Ὁ 
by setting = (1, 1), 2 = (2, 1), 3 = (1, 2), 4 = 3, 1), ee ᾿ that 


is, having exhausted the entries on the diagonal of this matrix from 
(p, 1) to (1, p) we proceed to enumerate the entries on the diagonal 
from (p+ 1,1) to(1,p+1). To explicitly define the onto function — 


f:N —N XN we note that there are vp ἘΠ entries on or above | 
the diagonal from (p, 1) to (1, p), hence if 1 $j S p + 1 weare set- 


ting 


EY ὁ εἰς ὡς ΡΝ ι 
ruse, =I ( 2 +i) τ - 7: 9,2) 
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As a direct consequence of Theorem 6.4 and Corollary 6.2 


one obtains the result that the set Οὐ of positive rational 


numbers is countable, for the function 4:N X N -- Qt de- 
fined by A(r, s) = ᾿ (r,s) E N X Ν is onto. 


Corollary 6.5 Let X;, Xo,..., Xn, ..., be a sequence of sets, each of 


which is countable. Then 


is a countable set. 


Proof. Since each X; is countable there is an onto function 
fiiN ~ X,i = 1,2,...,2,.... Wedefinea function F:N X N— 


U X; by setting 

Fi, j) =f), GIEN XN. 
F is onto, for if x εὖ X,, « € X; for some t, whence x = {.(7) = 
F(i, j) for some (i, 7) ΕΝ X N. ButN X Niscountable and there- 
fore Uv X; is countable. 


A more direct proof of Corollary 6.5 can be given by utiliz- 
ing the matrix of Figure 33 to display the elements of υ Xi 
entering the element αἱ = f;(j) = F(i,j) in the ἐδ row and 
j® column. One then enumerates the elements of υ X; in 


accordance with the scheme adopted in the proof of Theorem 
6.4. Since any countable collection of sets may be arranged 
in the form of a finite or infinite sequence of sets, Corollary 6.5 
states that, if X is the union of a countable collection of sets, 
each of which is countable, then X is countable. 

In view of the fact that the set Q* of positive rational 
numbers is countable, the set Q~ of negative rational numbers 
is also countable. Consequently, the set Q of all rational 
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numbers is countable. Using Corollary 6.5 we may then as- 
sert that the collection B of all open intervals on the real line 
of the form S(p;q), g > 0, with p and q rational, is also a 
countable set, for it is a countable union of sets each of which 
is countable. This fact may be used to prove that there is a 
countable basis for the open sets on the real line. 

Let us now return to our discussion of the relation be- 
tween compactness and the Bolzano-Weierstrass property, 
The Bolzano- Weierstrass property implies that each countable 
covering has a finite subcovering. 


Theorem 6.6 Let FE be a subspace of a topological space X with the 
property that each infinite subset of Ε' has a point of accumulation 
in E. Then every countable open covering of E has a finite sub- 
covering. | 


Proof. We may assume that a countable o i rs 
ae ἢν nta pen covering of £ is 
given in the form of a sequence 0;, Oz,...,0,,...0f open ioe of 


X such that E C υ O,. Suppose that no finite subcollection covers 


k 
Ε. Then for each integer k, the open set Of = U 0, does not cover 
n=] 


E. Hence for each k there is a point 2, © E such that x; Ε Of. 
The subset A = {21, %2,...,2:,...} of E must be infinite. Let 
« € E be a point of accumulation of A. Since x € E, x € O, for 


some index p. Q, is a neighborhood of x and therefore infinitely — 


Pea of the points of A belong to 0;. In particular, for some 
ie p = — te rE = C 03 C OF, contradicting the choice 
is ore there must be a finite subcollection of th | 
01, O2,...,On,... that covers E. Pe er ae 


If a topological space X is such that every open covering 
has a countable subcovering, by virtue of Theorem 6.6, the 
Bolzano-Weierstrass property implies compactness. A suffi- 
cient condition for every open covering to have a countable 
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subcovering is given by the next theorem, often called Lindeléf’s 
theorem. 


Theorem 6.7 Let X be a topological space that has a countable basis 
for the open sets. Then each open covering (O.)acr has a countable 
subcovering. 

Proof. Let ἃ = (Bs)ser be a countable basis for the open sets 
of X. We shall first prove that for each point x € X and each open 
set Ὁ containing z, there is a basis element Bg such that 

μη = Bs Cc O . 

For, since (ἢ is a basis for the open sets, ὁ is a union of elements of 
®, thus O = Usey Bs for some subset J’ of J. But « € O, hence 
x € Bz for some 8 € J’, and clearly Bs C 0. Now suppose that 
(O)act is an open covering of xz. We must find a countable subset 
I’ CI such that (0.)ecr is a covering. For each x © X and each 
0, containing x, we choose a Bs such that x € Bs C Oa. The totality 
of sets Bg so chosen constitute a countable subfamily (Bs)scu of the 
basis @ and this subfamily covers Δ. Now, for each such Bg with 
β € J’, let us choose a single index a = f(8) © I such that Bs C 
0. = Oy). The totality of sets 0, so chosen constitute a subfamily 
(On)acr = (Os@))ses’, which is also countable and must cover X, for 
Uses Bp C Uscer θα. 


Corollary 6.8 Let X be a topological space that has a countable basis 
for the open sets. Then X is compact if and only if X has the 
Bolzano-Weierstrass property. 


Although we shall not give an example of a topological 
space X that has the Bolzano-Weierstrass property, but is not 
compact, the preceding discussion has revealed that such a 
space must be found among those topological spaces which 
are not metrizable and do not possess a countable basis for 
the open sets. Those spaces which possess a countable base 
for the open sets are called completely separable or are said to 
satisfy the second axiom of countability. 
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Exercises 


I. Let X be an arbitrary non-empty set and f:X -- ΦΧ an arbitrary 
function from X to the subsets of XY. Let A be the subset of X¥ 
consisting of those points « ΕΞ X such that x ¢ f(x). Prove that 
there cannot be a point a € X such that A = f(a). Finally, 
prove that there is no onto function f:X -- 2*. 


2. Let a function f:N -- [0,1] be given, N the set of positive in- 


tegers. In the resulting enumeration αὶ = f(1), x. = f(2),... ἢ 
of numbers in [0, 1], express each number x; in decimal notation 
Tp = .@jaz...a;..., αἱ an integer 0 < αὐ <9. Construct a 
real number y = .yiy2... Yn... such that ἡ, ¥ al, r = 1, 2... 
thereby obtaining the result that f cannot be onto and conse- 
quently the real numbers are not countable. 


3. Use the rational density theorem, which states that between any 
two real numbers there is a rational number, to prove that the 
collection of open intervals S(p; q), q > 0, p, g rational are a basis 
for the open sets of R and that therefore R satisfies the second 
axiom of countability. 


4. Let X and Y be topological spaces satisfying the second axiom of 
countability. Prove that Y Χ Y also satisfies the second axiom 
of countability and hence R" does. 


5. Let (Aa)acr and (Bg)gcz be families of subsets of a set X. (42) κεἰ 
is called a refinement of (Β)ρευ if for each a € J there is ἃ BEd 
such that Az C Bs. Suppose that (A aJecr 1S a refinement of 
(Bs)ger and that (Aq)acr covers Δ. Prove that if J is finite there 
is a finite subcovering of (Bg)scy and if I is countable there is a 
countable subcovering of (Bg) s-,y. 


6. Recall that a subset A of a topological space X is called dense in 
X if A = X. A topological space X is called separable if there 
is a countable dense subset. Prove that XY is separable if X 
satisfies the second axiom of countability. 


7. A topological space X is said to satisfy the first axiom of countabil- 
wy if at each point  € X there is a countable basis for the com- 
plete system of neighborhoods at x. Prove that if X satisfies 
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the second axiom of countability then X satisfies the first axiom 
of countability. 


7 Identification Topologies and Spaces 


Let f:X — Y be a function from a set X onto a set Κ΄. View- 
ing f as a transformation, for each point b € Y' we may think 
of f as bringing together or “identifying”’ the various points 
in f({b}). As an example, let us see how the circle, δ, may 
be viewed as an interval whose end points have been “iden- 
tified” or “pasted together.” Let F:[0, 1] — S' be defined by 
F(t) = (eos 9πί, sin 27t). For the moment let us refer to the 
point so = (1,0) Ε 81 as the base point of S'. We may think 
of F as a transformation that ‘‘wraps” the unit interval [0,1] 
around the circle S' so that the two end points meet at the 
base point %. F, in effect, “identifies” the two. points 0, 
1 € F-({so}). The particular function F just considered is a 
continuous function from a compact space X onto a Hausdorff 
space Y. Of particular interest is the fact that under these 
circumstances the topology of Y is determined by the func- 
tion F and the topology of X. 


Lemma 7.1 Let f: X — Y bea continuous mapping of a compact space 
X onto a Hausdorf space Y. Then a subset B of Y is closed if and 
only if f-'(B) is a closed subset of X. 

Proof. This lemma is a weaker form of ‘Theorem 2.14. First 
suppose B is closed. Then f-!(B) is closed by the continuity of f. 
Conversely, if f(B) is closed, then f-'(B) iscompact. B = f(f~'(B)), 
hence B is compact. Being a compact subset of a Hausdorff space, 
B is closed. 


Corollary 7.2 Let f:X — Y be a continuous mapping of a compact 
space X onto a Hausdorff space Y. Then a subset U of Y is open 
if and only if f-'(U) is an open subset of X. 
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To see that in our example F: (0, 1] — 51 of the preceding 
paragraph, the topology of S' is determined by F and the to- 
pology of (0, 1], we may think of each point ἐξ [0, 1] as ‘‘cover- 
ing’’ the point F(t) € S'. A subset U of S! not containing the 
base point so is then open in 81 if and only if it is “covered” 
by the open set F~'(U), whereas a subset U of 81 containing 80 
is open in S!' if and only if it is “covered” by the open set 
F~(U) consisting of the union of an open set U» containing 0 
and an open set U; containing 1. A topology that has been 
determined in this fashion is called an “identification” topology. 


Definition 7.3 Let X be a topological space, Y an (untopologized) set 
and f:X — Y a function from X onto Y. Let a subset B of Y be 
called closed if and only if f-'(B) is closed. The resulting topology 
on ¥ is called the identification topology induced by f:X — Y. 


We must justify this definition by proving that the sub- 
sets of Y that have been called closed could be the closed sub- 
sets of a topological space. Since f-'(@) = @ and f-'(Y) = αὶ 
are closed in X, the empty set and Y are closed subsets of Y. 
Suppose, for each aE I, B, is a closed subset of Y; then 
f (Neer Ba) = Naerf~'(Bz) is the intersection of closed sub- 
sets and hence closed, so that Mer B, is closed. Finally, sup- 
pose B,, Bo, ..., B, are closed subsets of Y. Then 


f-(B, U Be U...U By) = f-(Bi) U ΓΒ... 80 


is closed and hence B; U B.U...U B, is closed. 

In the event that f:X — Y is a continuous mapping of a 
compact space X onto a Hausdorff space Y, Lemma 7.1 states 
that the topology of Y must necessarily have been the identi- 
fication topology induced by f. If a topological space Y has 
been obtained by defining an identification topology, the fol- 
lowing proposition furnishes a criterion for the continuity of a 
function g defined on Y. 
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Proposition 7.4 Let X, Y, Z be topological spaces. Let f:X — Y be 
onto and let Y have the identification topology induced by f. Then 
a function g: Y — Ζ is continuous if and only if the composite func- 
tion gf: X — Z is continuous. 


Proof. Clearly, the fact that Y has the identification topology 
induced by f makes f continuous, for the inverse image, f~'(B), of a 
closed subset B of Y is closed. Thus if g: -Ὁ Z is continuous, the 
composite function gf:X — Y is continuous. On the other hand, 
suppose gf is continuous. We must show that g is continuous. If V 
is a closed subset of Z, then (gf)—"(V) = [στ Ὁ} is a closed subset 
of Δ. Applying Definition 7.3 to the subset g-'(V) of Κ we may con- 
clude that g~!(V) is closed and that therefore g is continuous. 


Proposition 7.4 states that if the diagram of topological 
spaces and functions depicted in Figure 34 is commutative and 


Figure 34 f ἢ 
y——*__*z 


Y has the identification topology induced by the onto mapping 

f{:X — Y, then g is continuous if and only if ἢ is continu- 
ous. We shall use this result to show that the 2-sphere, 83, 
may be viewed as a disc D whose circular boundary has been 
“shrunk” to a point. We shall do so by constructing first a 
set Y and a function F from D onto Y so that F “collapses”’ 
or “identifies” the boundary circle of D to a single point. 
We then give Y the identification topology and define functions 
G:Y - S? and H:D—S? such that the diagram depicted 
in Figure 35 is commutative, and G is one-one. Finally, con- 
tinuity of H will imply that G is a homeomorphism (‘Theorem 
2.14). 


195 


Ch. δ Compactness 


Figure 35 


Let D be the subset of R? consisting of all points (21, 22) 
such that 


w+ as 1. 
In the plane R?, the boundary of D is the subset of R? defined by 


that is, Bdry D -- 8... By 85 we understand the surface con- 
sisting of all points (z, y, 5) € R® such that 


αἴ + y? + 2 = 1. 


Let Y be the (untopologized) set consisting of the points of 
D — δι; that is, the interior points of D, and a new point s*. 
We define a function F:D -- Y by setting 


F(z) = 2,7E€D— §', 
F(z) = z*,z€ Κ΄, 


As a transformation, we may think of F as leaving all the 
points in the interior of D fixed, but transforming the bound- 
ary S' of D into a single point s*. The function F:D > Y is 
onto, so we may convert the set Y into a topological space by 
giving Y the identification topology induced by F. This 
defines the mapping 1: Ὁ — Y of our diagram. 

We next define a continuous function H:D — S? by plac- 
ing the center point (0, 0) of D at the north pole (0, 0, +1) of 
S’ and “wrapping” D around the sphere by “pulling together” 
the boundary circle of D to a point at the south pole (0, 0, —1) 
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Figure 36 


of 53, [this process is pictured in Figure 36]. Analytically, 
the function HW could be given by taking a point (a, 2) € ἢ), 
writing it in polar form, (x, 72) = (p cost, ρ 5ἷη ἐ), and then 
setting H(a1, 22) = (sin rp cost, sin πρ sint,cos7p). In this 
way the line segment L defined by xz. = 0 or ¢ = 0 is carried 
into the circle of longitude H(L) consisting of the points 
(sin rp, 0, cos rp), —1 S p S 1, whereas the circle Q de- 
fined by 2? + 23 = 5 or p = 3 is carried into the equator 
H(Q) consisting of the points (cos ἑ, sin ἐ, 0), Ὁ S ¢ S 27 and 
the boundary S! of D is carried into the south pole H(S') = 
(0, 0, —1). We have now defined the function H:D— 83, 
which we may assert to be continuous either on intuitive 
grounds such as exhibited in Figure 36 or because H may be 
defined so that the 2, y, z coordinates of Π (αι, x2) are continuous 
functions. 

The last function we must define is the function G: Y — δ΄, 
We do so by setting 


G(x) = H(z), Ὲ ἢ -- δὶ, 
G(x*) = (0, 0,—1). 
For z € ἢ — S', G(F(x)) = G(a) = H(x), whereas for x Ε δ᾽, 
G(F(x)) = G(s*) = (0,0, —1) = H(z). Thus GF = H and we 


have constructed a commutative diagram. Since H is con- 
tinuous, by Proposition 7.4, G is continuous. Now, Y is com- 
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pact [Y is the continuous image of the compact space D], 
S? is Hausdorff, and it is easily seen that G is one-one, thus αὶ 
is a homeomorphism. 

A rectangle and its boundary are, respectively, homeo- 
morphic to the disc D and its boundary S', so that we may 
equally well view the sphere S? as being obtained by “‘shrink- 
ing” the boundary of a rectangle to a point. There are other 
surfaces that may be obtained by identifying various bound- 
ary points of a rectangle. Perhaps the simplest of these 
surfaces is a cylinder. If we take a rectangle with four corner 
vertices A, B, B’, A’ [see Figure 37a] and identify the edge 
AB with the edge A’B’ in such a way that A is identified with 
A’ and B with B’, then we obtain a surface that is homeo- 
morphic to the cylinder in Figure 870. We may equally well 
picture the cylinder as being the topological space obtained by 
replacing both A and A’ by a new point A*, both B and B’ by 
a new point B*, and similarly any pair of corresponding points 
C and C’ on the respective edges AB and A’B’ is replaced by a 
new point C* as indicated in Figure 37c. Furthermore, a 
neighborhood of this new point C* would contain the interior 
of the small semi-circles drawn in Figure 37c. It is interest- 
ing to note that if in this figure we join C* to itself by the 


Be Be 

0" ο: 

A* A* 
(0) 


Figure 37 
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path represented by the horizontal line, the space consisting 
of the points of this line would be homeomorphic to a circle 
(such as the one drawn about the middle of the cylinder in 
Figure 370], for it consists of an interval whose end points 
have been identified. This is a special case of the following 
general result. 


Lemma 7.5 Let X and Y be topological spaces, let f:X — Y be a 
continuous function that is onto, and let Y have the identification 
topology induced by f. If B C Y is such that A = f~'(B) is closed, 
then the subspace B of Y has the identification topology induced by 
the restriction f | 4:A — B. 

Proof. We must show that a subset F of B is closed in B if and 
only if (f | A)~“(F) is closed in A. The restriction f | A of the con- 
tinuous function f to A = f-'(B) is continuous, so that if F is closed 
in B, then (f|A)-(F) is closed in A. Conversely, suppose that 
(f | A)“(P) is closed in A. Then, since A is closed in X, (f | A)~'(F) 
is closed in Δ. If we prove that (f | A)—“"(F) = f-'(P), it will follow 
that F is closed in Y and consequently in B, for Y has the identifica- 
tion topology and therefore f-'(F) closed in X implies F closed in Y. 
It remains to prove (f | A)-\(F) = f(F). Suppose that « € f-'(F). 
To show that x € (f|A)~(F) we must show that ΣΕ A and 
(f | A)(z) Ε F. But if x € f-(F), then f(z) € F C B, whence « € 
f-(B) = A. Thus z is in the domain of f| A and (f| A)(x) = 
f(x)-E F, hence « € f-(F) implies that 2 € ({|].4}.} 5). Con- 
versely, if « € (f | A)“(F), then (f | A)(z) E F. Now (f| A)(x) = 
f(a), thus f(x) Ε F and « Ε f-(F). It follows that (f| A)“(F) = 
f-—(F), and the proof is complete. 


Another surface that may be obtained by identifying 
some of the boundary points of a rectangle is a surface called 
the Mdbius strip or band. Starting again with the rectangle 
whose vertices we shall now label in the order A, B, A’, B’ [see 
Figure 38a], we identify the edge AB with the edge B’A’ 
by first giving the rectangular strip a 180 degree twist, so 
that the vertices A and A’ coincide and the vertices B and B’ 
coincide [Figure 88b]. A topologically equivalent space is in- 
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dicated in Figure 22c, where corresponding or identified pairs So far we have considered only surfaces resulting from 

of points such as A, A’ have been replaced by a single new — the identification of a pair of edges of a rectangle. If we iden- 

point A*. The fact that we intend to identify the two edges tify the edges of a rectangle according to the scheme indi- 

AB and A’B’ of Figure 38a with a twist is often indicated cated in Figure 39a, the resulting topological space is called 
a torus. 

B | A’ 


τ 8' 
(α) 
Figure 88 


ἱ 
‘ Figure 39 
J 


by labelling the edges with the same letter, such as “a,” and 
then placing arrowheads on these edges in such a position 


that the resulting identification matches up or superimposes — A torus is topologically the surface of a donut or a rubber 
the two arrowheads. The Mébius strip has many curious tire, as indicated in Figure 39b. We may view the torus as 
properties. The oblique line in Figure 8386 joining C* to itself — being obtained in two steps. First, we identify the two oppo- 
is homeomorphiec to a circle. The upper horizontal line run- site edges labelled a of the rectangle to obtain a cylinder, and 


ning from B* through D to A* is homeomorphic to an interval. second, we identify the two resulting circular edges (labelled δ) 
Howeyer, if on the Mobius strip we trace out the curve from of the cylinder to obtain the torus. The justification for 
B* through D to A* and continue on [along the lower hori- breaking the identification up into two steps is contained in 
zontal line of Figure 880] through E back to B* we trace out the following proposition. 

an interval with its end-points identified, that is, a circle. 
Thus the Mobius strip is a surface whose bounding curve is a Proposition 7.6 Let X, Y, Z be topological spaces, let f:X — Y and 
circle. Other interesting properties may be deduced from the g:¥ — Z be continuous and onto. If Y has the identification to- 
representation in Figure 880. For example, if the Mébius : pology induced by f:X — Y and Z has the identification topology in- 


strip is cut down its center, the resulting surface will not — duced by g: ¥ — Z, then Z has the identification topology induced 
be disconnected for we may still connect a point of the up- ἢ by of :X — Z. 

per half rectangle in Figure 38¢ to a point of the lower half Proof. Clearly, if F is a closed subset of Z, then (gf)-(F) is 
rectangle by joining both of them to the bounding curve — a closed subset of X, for gf is continuous. Conversely, suppose 
B*DA*EB*, | (af )-“(F) = f(g-(F)) is a closed subset of X. Since Y has the 
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identification topology induced by f:X — Y, g—(F) is a closed sub- 
set of Y. Similarly, since Z has the identification topology induced 
by g: ¥ — Z, g-'(F) closed in Y implies that F is closed in Z. Thus 
F is closed if and only if (gf)—'(F) is closed; that is, Z has the iden- 
tification topology induced by gf: X — Z. 


Topologically, the torus is the product of two circles. An 
arbitrary point w of the torus may be written as w = (C, D), 
where C is a point of the circle 6 and D a point of the circle a 
in either Figure 39a or 5890. Furthermore, it is clear that the 
product of a neighborhood of C and a neighborhood of D is a 
neighborhood of w and conversely that a neighborhood of w 
contains the product of a neighborhood of C and a neighbor- 
hood of D. Thus the topology of the torus is the topology of 
the product of two circles. One would have anticipated this 
result if one viewed the torus as being generated by revolving 
a circle such as b in a circular path by moving it in such a way 
as to always have the point labelled A in contact with the 
circle labelled a. 

There are two other surfaces resulting from the identifi- 
cation of opposite pairs of edges of a rectangle. One of these 
surfaces is called a Klein bottle. The Klein bottle may be 
obtained by first identifying the edges labelled a in Figure 40a 
in the prescribed manner to obtain a cylinder, and then iden- 
tifying the two circles labelled ὃ in either Figure 40a or 40b, 


(a) (0) 
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not, however, in the manner of Figure 39 to obtain a torus, 
but with a “tyist.”’ Unfortunately, at least from the point of 
view of our visualization of the Klein bottle, there is no way 
to identify these two circular edges of the cylinder of Fig- 
ure 40b without forcing the surface of the Klein bottle to 
intersect or pass through itself. For this reason, it is helpful 
to construct the Klein bottle in several pieces. 

In Figure 41 we have three rectangles. If the rectangles 


Figure 41 


R, and Πὰς are joined along the edge labelled ὁ and the rec- 
tangles R. and R; are joined along the edge labelled d, we ob- 
tain the rectangle and identifications of Figure 40, so that 
Figure 41 also represents the Klein bottle. If, in these three 
rectangles, we first identify the pairs of edges labelled e, f, 
and g respectively, we obtain three cylinders that are homeo- 
morphie to the three corresponding cylindrical surfaces of 
Figure 42, also labelled Εἰ, Ro, R;. To construct the Klein 
bottle we need only identify these three cylinders along the 
pairs of circular edges labelled a, c, and d, respectively. We 
may join the cylinders R, and R; along the circles labelled a, 
so that R; lies inside R;. If we then join ἢ and A, along the 
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Figure 42 


circles labelled ο, we obtain the cylinder pictured in Figure 43. 
To complete the construction, we must identify the two circles 
labelled d (Figure 43) in the prescribed manner. Any attempt 
to literally carry out this identification will be frustrated by 
our inability to pass through the surface of the cylinder. We 
must therefore either be content, as in Figure 43, to indicate 
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this identification, or adopt the fiction that in Figure 44 the 
Klein bottle does not intersect itself along the circle d, but 
that each point along d is to represent at the same time two 
points of the Klein bottle. 


Figure 44 


The last surface we shall consider in detail is obtained 
by identifying both of the pairs of opposite edges of a rec- 


tangle with a “twist.” These identifications are indicated in 
Figure 45. Note that in this figure all the vertices are not’ 


Figure 45 


identified with one another, but only diagonally opposite 
vertices are joined together. In order to relate this surface 
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to some of the preceding surfaces, we shall adopt the same 
method as the one used in the examination of the Klein bottle, 
[one might call this the “cut-and-paste method”). We first 
separate the large rectangle into three smaller rectangles R,, 
R», Rs, which when re-identified along the pairs of edges labelled 
6, d, will again give us the rectangle and the identifications 
of Figure 45. This operation is indicated in Figure 46. If 


Figure 46 


we first join the two edges labelled f in rectangle R. we obtain 
a Mobius strip. Since we are only interested in the top- 
ological nature of this surface, we may distort [by homeo- 
morphisms] the two rectangles R; and R; into the semicircular 
regions of Figure 47. If we then join the regions R; and R, 


Se Ὁ ὦ ὦ hk 


Figure 47 
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along their common edge FABCDE we obtain the dise and 
the Mdbius strip of Figure 48, with the indicated identifica- 


Figure 48 


tions. The surface we have been considering is therefore a 
Mobius strip whose boundary circle FGHEJKF is to be at- 
tached to the boundary circle FGHEJKF of adise. This last 
surface is called the projective plane. 

The sphere, torus, Klein bottle, and projective plane are 
examples of a larger class of surfaces that may be obtained 
by identifying pairs of edges of a polygon with 2n sides. Such 
surfaces are called closed 2-manifolds. For example, in Fig- 
ure 49 we have indicated a surface that can be obtained by 
identifying pairs of sides of an octagon. With each such 
figure we may associate a “surface symbol.”” We do so by 
starting at any vertex, such as A in Figure 49, and writing 
down the labels of the edges in counterclockwise order if the 
arrow along that edge is also pointing in the counterclockwise 
direction or the label with an inverse sign above if the arrow 
points in the clockwise direction. Thus a surface symbol for 
the surface of Figure 49 would be abbe“a~'cdd. Referring 
back to Figure 39, one can see that a surface symbol for the 
torus is αὐτιὰ δ. 

By the “cut-and-paste”? method one can show that each 
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Exercises 


1. Prove that the triangle 7’ with two edges identified as in Figure 50 
is homeomorphic to a disc. 


2-manifold is homeomorphic to a 2-manifold whose sur- 
face symbol is of one of the following four forms: abb— am; 
aba; by"... dybpas"bs', p 21; abab; aay... aa, 4 1. 
The first form indicates that the surface is homeomorphic to a 
sphere. The second form includes the surface symbol of a 
torus and in general indicates that the surface is homeomorphic 
to a sphere with p handles. These two classes of surface are 
called ortentable. They can all be constructed in three-dimen- 
sional Euclidean space and are two-sided. The third form 
indicates that the surface is homeomorphic to the projective 
plane. We have seen that the projective plane is a dise to 
whose circular boundary has been attached a Mébius strip. 
One may think of the dise as constituting the portion of the 
surface of a sphere obtained by removing a circular region. 
Attaching a Mobius strip to the circular boundary of this 
region is called attaching “ἃ crosscap.” Thus the projective 
plane is called “ἃ sphere with crosscap.” In the same man- 
ner, the second form consists of all surfaces obtained by at- 
taching ᾳ Mobius strips or crosscaps to a sphere with g circular 
regions removed. 

The reader interested in a detailed treatment of 2-mani- 
folds will find an excellent presentation in either of the books 
by Cairns or Lefschetz previously mentioned. 


Figure 50 Figure 51 


2. Prove that the triangle S with two edges identified as in Fig- 
ure 51 is a Mobius strip. 

3. Prove that the Klein bottle is homeomorphic to a surface with 
surface symbol αταχαφας by cutting the rectangle of Figure 52 
along the diagonal ὁ and pasting the resulting triangles along 
their common edge 6. 


Figure 52 


208 209 


Ch.5 Compactness 


4. 
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Show that if the Klein bottle of Figure 53 is cut along the curves 
6 and d the result is two Mobius strips and that therefore the 
Klein bottle is two Mébius strips joined along their circular 
boundaries. 


Cut the Klein bottle of Figure 54 along the curves δι, es, C3, Cy and 
d;, dy. Show that the regions labelled S,, So, S3, Sy are pasted to- 
gether to form a surface homeomorphic to a cylinder and there- 
fore homeomorphic to a sphere with two circular regions removed 
whose boundaries are the circles ἀμ, and CyC2CxCy_ respectively. 
Show that the region labelled M, is a Mébius strip whose bound- 
ary is ἀνά; and that the regions labelled N; and N. form a second 
Mobius strip whose boundary is ¢,c2¢3¢;. 


αι . da | (3 | 


Figure 54 
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C's(A) 
S-—A 
C(A) 
(Aa)aer 


eer Aa 


(\aer Ag 


Cc? 


Special Symbols 


belongs to, is a member of, in, 4 

does not belong to, is not a member of, 4 

the set whose members are A;, Ao,..., An, 4 

null set or empty set, 5 

is contained in, is a subset of, 5 

contains, 5 

closed interval, all real numbers 2 such that 
as2z250,5 

open interval, all real numbers a2 such that 
α ς κα «ὃ, ὃ 

set of all subsets of A, 6 

intersection, 7 

union, 7 

complement of A in S, 8 

complement of A in S, 8 

complement of A, 8 

indexed family of subsets, for each a in the index- 
ing set J, Aq is a subset of a set S, 10 

union over @ of Ag, all such that x © Ag for at 
least one 8 € J, 10 

intersection over a of Aq, all x such that x © Az 
for each B € TJ, 10 


all z such that x € A; for at least one integer i, 
15:15 2, 12 


all x such that a € A; for each integer i, 
lsisn,l1g2 

ordered pair, 13 

Cartesian product of A and B, all ordered pairs 
(x, y) such that z € A and y € B, 18 


direct product, all sequences (αι, a2, . . 
that a; GC Ai, 1 Sisn, 13 


- > @,) such 


all infinite sequences (a), ao, . . .) such that a; © A, 
for each positive integer i, 14 


Special Symbols 


R= 


(R", d’) 


fi(X,d -- 
(X, d’) 
S(a; 6) 


lim, αν = ἃ 
g.l.b. 

d(a, A) 

Ss" 


[> 


Euclidean n-space, all 2 = (21, 2,...,2n), Ti 8 
real number, 14 
alla = (a, i) ee i); a; = A, 14 


a function f from A to B, 16 


a function f from A to B, 16 

image of Y, all y such that y = f(x) for some 
re X, 16 

inverse image of Y, all 2 such that f(x) € Y, 16 

composition of f and g, the function which associ- 
ates to each element a the element g(f(a)), 20 

f restricted to A, the function which associates to 
each x in the subset A of the domain of f the 
element f(x), 29 

metric space whose underlying set is Y and whose 
distance function is d, 33 

metric space consisting of the set of real numbers 
and distance d given by d(a, b) = |a — δ], 34 

metric space consisting of Euclidean n-space R" 
and distance d given by 
d((a1, 22, --- 5 διε), (Yi Yor - ++» Yn)) 

= maximum {|z; — Με}, 35 
1 sisn 

metric space consisting of Euclidean n-space R" 
and distance d’ given by 
d’((a1, v2, «nip Os (ψι» Yay es Yn)) } 


n 
=4/2 (2: — νὴ)", 36 
i=l 


a function f from the metric space (XY, d) to the 
metric space LY, d‘), 42 

open sphere about a of radius δ, all x such that 
d(x,a) < 6, 45 

a is the limit of the sequence aj, @,..., 56 

greatest lower bound, 62 

distance between a and A, g.l.b. of the set of 
numbers d(a, x) for x € A, 638 

n-sphere, all 2 = (21, 22, ..-» 2x1) € R"t' such 
that zi + ag+... - χει = 1, 72 

unit n-cube, all x = (2, 2,...,2%,) € R" such 
that 0 Ss 2; S lfior?t= 1, 2 ....,8, 7% 


213 


214 


Special Symbols 


topological space with underlying set X and top- 
ology 3, 84 

closure of A, all z such that N (ἡ A ¥ @ for each 
neighborhood N of z, 96 

interior of A, all x such that A is a neighborhood 
of z, 100 

boundary of A, A (ἡ C(A), 101 

all real numbers x such that a < x S b, 123 

all real numbers z such that a S x < ὃ, 193 

all real numbers z such that x < a, 123 

all real numbers x such that x < a, 123 

all real numbers x such that x > a, 195 

all real numbers zx such that x = a, 128 

component of a, largest connected set containing 
a, 155 

arc component of a, all y which can be connected 
to x by a path, 143 

homotopic, 150 

equivalence set of a, 151 

homotopy class of the constant path e, at z, 153 

unit interval [0, 1], 147 

Lebesque number of an open covering (0,)er of 
a compactum, 182 


Index 


Accumulation point, 179 
Annulus, 144 

Antipodal point, 180 

Are component, 148 
Archimedean principle, 103 
Arewise connected, 139 


Basis 

for closed sets, 70 

for neighborhoods, 66, 94, 114 

for open sets, 55, 67, 113, 175 
Bolzano-Weierstrass property, 183, 

186, 190 

Borsuk-Ulam theorem, 182 
Boundary, 101 
Bounded, 170, 171, 177 


Cartesian product, 13 
Cauchy sequence, 185 
Closed interval, 5 
Closed set, 60, 88 
Closed 2-manifold, 207 
Closure, 96 
Closure space, 98 
Commutative field, 2 
Compact, 164, 165 
Compactum, 178 
Complement, 8 
Complete linearly ordered field, 3 
Complete metric space, 185 
Completely separable, 191 
Complete system of neighborhoods, 
46, 89, 94 
Component, 135 
Composition of functions, 20, 43 
Connected, 117 
Constant function, 18, 41, 120 
Constant path, 153 
Continuous, 40, 108 
Contractible to a point, 161 
Countable, 187 
Covering, 163 
finite, 163 
open, 164 


Crosscap, 208 
Curve, 189 
Cylinder, 198 


Deleted neighborhood, 180 
De Morgan’s Laws, 8, 11 
Dense, 105, 192 
Denumerable, 187 
Diagram, 21, 22 
commutative, 22 
Direct product, 13 
Dise, 155, 195, 196 
Discrete, 85 
Distance, between a point and a sub- 
set, 63 
function, 38 
Domain of a function, 16 


Equivalence relation, 150 
Equivalence set, 151 

Euclidean n-space, 14, 85 
Extension of a function, 29, 148 


Finite intersection property, 171 
First axiom of countability, 50, 192 
Fixed-point theorem, 126, 128 
Function, 16, 103 


Graph of a function, 16 
Greatest lower bound, 62 


Ham-sandwich problem, 132 

Hausdorff, axiom, 50, 90 
space, 90, 168, 169, 170 

Homeomorphism, 106 

Homotopic, 147 

Homotopy class, 153 


Identification topology, 194 
Identity function, 18, 41 


Index Index 
Image, 16 Onto, 18 Terminal point, 139 Transformation, 17 
Imbedding, 121 Open interval, 5 Topologically equivalent, 78 Transitive, 150 
Inclusion mapping, 30, 111 Open set, 4, 52, 86 Topological property, 119, 167 
Indexed family, 10 Open mapping, 104 Topological space, 4, 84 
Initial point, 139 Open sphere, 45 associated with a metric space, 85, Underlying set, 33, 84 
Interior, 100 Ordered pair, 13 110 Uniformly continuous, 184 
Intermediate value theorem, 125 Orientable, 208 metrizable, 86 Union, 7, 10 
Intersection, 7, 10 Topology, 84 Unit n-cube, 72, 128, 177 
Interval, 122 Torus, 201 Upper bound, 3 
Inverse functions, 26 Partition, 136 
Inverse image, 16 Path, 139 
Invertible, 26 closed, 140 
Isolated point, 180 Product of topological spaces, 118 
Projection 
first, 19 
Klein bottle, 202 second, 19 
ath, 59, 115 
Projective plane, 207 
Least upper bound, 8 
Lebesque number, 182 
Limit, 56, 57 Range of a function, 16 
Lindeléf’s theorem, 191 Rational density theorem, 108, 192 
Linearly ordered, 3 Real line, 85 
Locally compact, 178 Refinement, 192 
Locally connected, 137 Reflexive, 150 
Loop, 140 Relatively 
Lower bound, 62 closed, 110 
open, 108 
Relative neighborhood, 109 
Mapping, 17 Relative topology, 109 
Metrically equivalent, 76 Restriction of a function, 29 
Metric space, 33 Retract, 161 
Mébius strip, 199 Retraction, 130 


Monotone increasing, 44 
Mutually disjoint, 102 
Schwarz’s lemma, 82 
Second axiom of countability, 191 


Natural numbers, 1 Separable, 192 
Neighborhood, 45, 87 Simply connected, 154 
space, 91 Sub-base, 70 
n-sphere, 72 Subcovering, 164 
n-tuple, 14 Subset, 5 
Null set, 5 improper, 5 
proper, 5 

Subspace, 71, 108, 199 
One-one, 18 Surface symbol, 207 
One-point compactification, 178 Symmetric, 150 
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